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Mdé& dau

Luan an nay gom ba chuong chinh vé6i noi dung co ban nhu sau:

Chuong 1 trinh bay md rong két qua ctia ba tac gid D6 Dic Thai, Mai
Anh Dtc va Ninh Van Thu vé 16p cac da tap khong thudc kiéu E—gi6i han,
hay con goi la cac da tap khong chita cac dudong cong E—Brody gidi han.
Két qua chuong 1 duge cong bd & [3].

Chuong 2 trinh bay cic két qua vé bai toan nang anh xa tiu da dia doi
xitng héa G,, 1én qua cau phd €, véi n < 5, trong dé dua ra cy thé ham
nang va sau dé chiing minh cong thitc ham nang dé khong c6 hieu luc doi
v6i chieu n > 6. Két qué ctia chuong 2 duge cong bo 6 [1].

Chuong 3 trinh bay cic két qua vé bai toan nang anh xa tiu da dia doi
xiing hoa G4 lén quéa cau pho Q4 véi dieu kien dao ham bac 1 cho trude.
Cong viéc nay la sy noi tiép cac két qua ctia N. Nikolov, P. Pflug va P. J.
Thomas va cu thé 1a 1am r6 hon ban chét céc diéu kién can va du dé 6 thé
nang duge dia phuong. Cac két qua ciia chuong 3 tam thoi chua cong bo
tap chi nao va hoan toan mdi.



Chuong 1

Vé cac dudng cong E-Brody
2i6i han

1.1 Dan nhap

Trong chuong nay, chung t6i trinh bay mot ching minh méi cho két qua
clia cac tac gid D6 Ditc Thai, Mai Anh Drtic va Ninh Van Thu vé cac dudng
cong Brody gi6i han va ho khong chuan tic cac d&nh xa chinh hinh. Céc ho
khong chuan tic cac anh xa chinh hinh va dudng Brody (tic la mot dusng
cong chinh hinh ¢6 dao ham bi chin) ¢6 mdi quan hé mat thiét. Lien quan
tdi cac chil dé nay, cac tac gid clia bai bao da chiing minh duge cac két qua
sau.

Dinh 1y 1.1. C" (n > 2) khong thuoc loai E-gidi han vdi moi ham do dai
E trén C™.

Dinh 1y 1.2. (C*)? khong thuoc logi ds%.g-gidi han, trong dé dsg la metric
Fubini-Study tréen P%(C).

Chtng minh ciia cac tac gia nay sit dung mot két qua ciia J. Winkelmann
va cac ki thuat trich day kha phitc tap. Vi thé trong bai b4o nay, ching toi
c6 gang dua ra mot chitng minh khéc ngin hon va tong quat hon mot chit.

Dau tién, ching t6i nhac lai mot vai dinh nghia va gidi thich noi dung
cac dinh ly cta ba tac gia.

Dinh nghia 1.3. Cho X la mot da tap phtc duge trang bi mot metric
Hermit E. Duong cong chinh hinh f : C — X dugc goi la mot dudng cong
E-Brody néu dao ham ctia né bi chan, tic 1a |f/(z)|g < ¢ v6i moi z € C
trong d6 ¢ 1a mot hang s6 duong.



Ham do dai 1a khai niém téng quat hon khéi niem metric, nhung né sé
khong lien quan gi t6i ching ta trong bai béo nay, vi thé doc gia thé tham
khéo bai bao ctia ba tac gia dé xem dinh nghia. Luu ¥ rdng néu ching toi
viét E,(7), thi didu d6 c6 nghia 1a do dai clia vector tiép xtc ¥ tai diém p
theo metric E. Néu diém p da ro rang, thi ta sé viét |7]z.

Dinh nghia 1.4. Cho X la mot da tap phtc duge trang bi mot metric
Hermite E. Da tap phitc X dugc goi 1a thuoc loai E-gidi han néu X thoa
méan cac diéu sau:

Véi mdi ho khong chuan tic F C Hol(A, X), trong d6 A 1a mot mién
trong C va Hol(A, X) la tap tat cd cdc 4nh xa chinh hinh tit A vao X, sao
cho F khong chita cac day phan ky compact, khi d6 ton tai cac day {p;} C A
v6i p; — po € A khi j — oo, {f;} C F,{p;} CR véip; >0 va p; — 0" khi
7 — oo sao cho

9;(&) == fi(pj + p;i€),§ € C,

hoi tu déu trén cac tap compact ctia C t6i mot duong cong E-Brody khéc
hing g : C — X.

Dé tien cho doc gia, ching toi nhic lai dinh nghia ho chuan tic va tinh
phan ky compact.

Dinh nghia 1.5. Ho F C Hol(A, X) dugc goi 1a chuan tic néu, véi méi
day {f;}52, trong F, déu ton tai mot diy con hoi tu déu trén cac tap con
compact ctia A. Ho anh xa ma khong c6 tinh chat nay thi dugc goi 1a ho
khong chuan tic.

Dinh nghia 1.6. Day {f;}52, trong Hol(A, X) dudc goi la phan ky com-
pact néu, v6i moi tap con compact K C A va L C X, déu ton tai jo sao
cho, v6i moi j > jo, ta ¢6 f;(K)NL=0.

1.2 Swu khong ton tai cac duong cong Brody
gi6éi han
Két qué chinh ctia chuong nay la két qua tong quat hon Dinh 1y 1.2 ctia

ba tac gia c6 noi dung nhu sau:

Dinh 1y 1.7 (Két qua chinh). Cho X la da tap phitc ¢ chia mot duong
cong nguyeén, tic la mot duong cong chinh hinh khdac hang f: C — X. Khi
dé, ca hai da tap phitc C x X va C* x X déu khong thuoc logi E— gidi han
vdi moi metric Hermit E tuong ing trén C x X va C* x X.



Dé chitng minh dinh 1y, ta sé st dung hai bd dé. Bé dé thit nhat dugce
phat biéu ma khong ching minh.

B6 dé 1.8. Cho ¢, > 0 vdi n € N. Khi dé cdc diéu sau la tuong duong.
(@) T (1+ en) < 00, (B) S5, e < o0,
Thém nita, (a) va (b) déu tuong duong vdi dicu sau.
(c) TI02,(1 = ¢,) > 0 néu ta gid si théem ring 0 < ¢, < 1 vdi moi n.

B6 dé tht hai 1a bo dé chinh, 1a chia khoa cho chiing minh ctia két qua
chinh.

Bo6 dé 1.9. Cho {o; 1521 1o mot day cdc so phiic khac khong doi mot phan biet

thoa man Z;’il ﬁ < o0o. Khi dé, vdi moi so phic p; va k; vdi 1 < j € N,
J

ton tai mot ham chinh hinh g: C — C théa man diéu kién noi suy sau:

g(aj) =p; va ¢'(aj) =k; vdimoil <jeN.

Dé chitng minh bd dé nay, ta st dung k§ thuat co ban clia 1y thuyét bo.



Chuong 2

Bai toan nang anh xa tu da dia
déi xing héa khoéng cé dieu
kién dao ham

2.1 Tém tat nodi dung

Qua cau pho don vi 2, 1a tap tat ca cadc ma tran vuong M cap n co ban
kinh phé nhé hon 1. Dé cho gon, ta sé néi qua cau pho, thay cho qua cau
pho don vi. Ky hiéu 7(M) € C" 1a cac hé s6 clia da thiic dic trung clia ma
tran M, tiic 1a cac da thitc doi xting so cap ciia cac gia tri rieng ctia n6. Khi
d6 da dia ddi xting hoa chiéu n duge dinh nghia la G,, := 7(Q,,).

Thong thuong khi khao sat cac bai todn Nevanlinna-Pick cho cac anh
xa tit dia vao qud cau phd, viéc chiéu 4nh xa leén da dia d6i xing hoa sé
¢6 1gi ich nhat dinh (vi du dé nhan duge cac két qua vé tinh lién tuc cia
ham Lempert): néu ® € Hol(DD, 2,,), khi d6 7 o ® € Hol(D, G,,). Cho anh xa
¢ € Hol(D, G,,), chiing ta tim diéu kién can va di dé 4nh xa nay c6 thé nang
duge qua cac ma tran cho trude, tic la tim ® nhu trén sao cho mo & = ¢
va ®(a;) = A;, 1 < j < N. Mot diéu kién can tu nhien 1a ¢(a;) = 7(4;),
1 < j < N. Khi cdc ma tran A; la vi pham (tiéng Anh: derogatory; nghia
la khong thita nhan mot vector cyclic) cac diéu kién can mdi sé xuét hién,
bao gom cac dao ham clia ¢ tai cdc diém a;. Ching toi chiing minh ring cac
diéu kien d6 la can va du dé nang dia phuong. Ching toi dua ra cong thiic
dé thyc hién nang toan cuc dbi véi cac chidu nhé (n < 5), va mot phan vi
du cho thay cong thitc that bai & chiéu tit 6 trd len.



2.2 Dan nhap

Mot vai bai toan trong Ly thuyét diéu khién manh dan téi viéc nghién
citu cic gia tri ky di ¢6 cau tric ciia mot ma tran (duge ky hieu béi p).
Mot truong hop dic biét cia chuyén nay chinh 1a ban kinh phd ctia ma tran.
Mot vi du rat dic biét ctia bai toan “u-téng hgp" duge quy vé bai toan
Nevanlinna-Pick, tic 1a cho trude cac diem o; € D := {z € C : |2| < 1},
A; € QCCm™ 1< j<N,xéac dinh xem ton tai hay khong ham chinh hinh
® tu D vao Q sao cho ®(a;) = A;, 1 < j < N. Cac doc gia quan tam co thé
tham khao bai tong quan rat thi vi ctia Nicholas Young.

Chung to6i nghién citu truong hgp diac biét nay. Bay gio chiing toi sé dua
ra mot vai ky higu.

Cho M,, 1a tap hgp tat cd cac ma tran vuong phtc cap n. Véi A € M,,
ky hieu Sp(A) va r(A) = maxyesp(4) |A| 1an lugt 14 phd va ban kinh pho cla
A.

Dinh nghia 2.1. Qud cau phé ,, duge cho bdi
Q, ={AeM,:r(A) <1}.
Da dia doi ziing héa G,, duge dinh nghia béi
G, :={m(A): AeQ,},

trong d6 anh xa 7 : M,, — C", m = (0y,...,0,), dugc cho béi cac he sb
ciia da thiic dac trung ctia ma tran (sai khac dau):
Pa(t) == det(tI, — A) = > (=10 (A)t" .

J=0

Hay noi cach khéc, toa do thi k ctia 7, titc ox(A), 1a da thic d6i xing so
cap thit k clia cac gia tri rieng ctia A.
Bai toan 2.2. (Bai todn nang).

Cho danh za ¢ € Hol(D,G,,) va Ay, ..., Ay € Q,, tim cdc dieu kién (can,
hodc di) sao cho ton tai ham chinh hinh ® € Hol(ID, §2,,) théa man ¢ = o ®
va P(ay) =A; vdij=1,...,N.

Khi diéu nay xay ra, ta néi rang anh xa ¢ ndng qua cic ma tran A, ..., Ay
tai cac diem (o, ..., ayx). Mot diéu kién can hien nhien dé cho ¢ nang qua

cac ma tran Ay, ..., Ay tai (aq,...,an) 1a p(oj) =7w(A;) véi j=1,...,N.

Nhan xét 2.3. Bat ctt khi nao c6 mot nghiém cho bai toan nang véi dit lieu
a;, A;, thi khi do6 sé c6 mot nghiém cho bai toan tuong tng véi oy, Aj, trong
d6 A; ~ A; v6i mdi 7, tic 1a A; dong dang véi A;, tite 1a v6i moi j ton tai
P; € M; ' sao cho A; = Pj_lAij.



2.3 Nhiting thu gon dau tién cua bai toan
Ta can thiét 1ap mot s6 ky hieu.

Dinh nghia 2.4. Cho truéc mot vector v := (vy,...,v,) € C", ta ky hiéu
Put) == 0"+ 3, (=1t

Cach chon nay dam bao Pir4) = Pa.

Dinh nghia 2.5. Cho a := (ay,...,a,) € C", ma tran dong hanh cia a la

0 1 o --- 0
0 0 :
Clap = | 10
0 0 -0 1
Qp Gp—-1 - Q2 a1

Ta thay rang da thic dac trung cta né khi do la det(t, — Cly) = t" —
>y aitt dé cho 0;(Cly) = (=1)7"a;, véi 1 < j < n.

Cho ma tran M, ma tran dong hanh ctia M, ky hicu 1a Cy, 13 ma tran
duy nhat 6 dang dong hanh c6 ciing da thitc dic trung véi M.

Ma tran A € M,, la cyclic (hay khong vi pham) khi va chi khi n6 dong
dang v6i ma tran dong hanh clia né.

Tinh toan trén ciia da thic dic trung ciia ma tran dong hanh cho thay
¢ € Hol(D, G,,), néu ta viét ¢ := ((—1)7T1p;,1 < j < n), thl anh xa dugc
cho béi ®(() := Cig(c) 1a mot nang ciia .

Do dé, két hop v6i Nhan xét 2.3, diéu nay c6 nghia la viéc nang qua mot
tap hop cac ma tran cyclic ¢6 thé dat duge ngay khi cac diéu kién can hién
nhién ¢(a;) = m(A;), véi 1 < j < N, duge théa man.

Truong hop A; chi ¢6 dang mot gia tri riéng , va A,, ..., Ay cyclic, da
duge nghién cttu trong bai bao cia P. J. Thomas va Nguyén Van Trao.

2.4 Cac diéu kién can

Cho A; € M,,. Sai khac dong dang, ta c6 thé gia si no c6 dang Jordan.
Ta viét n6 dudi dang khoi lien két véi moi gid tri rieng phan biét ctia A, ky
hieu 1a A\;, 1 < k < s trong d6 s < n. Cu thé la

Bl s
Ay = . Bi €My, > myp=n, (2.1)
B, k=1



trong d6 Sp By = {A\¢}, va A # A\, V6L k # J.

Tam thoi, ta ¢6 dinh &k va viét (B, \,m) thay cho (Bg, Ay, m). Ta can
thiét 1ap mot vai ky hiéu nhu trong bai bdo ctia P. J. Thomas va Nguyén
Van Trao. Cho B = (bi,j)lgi,jgm- Khi d6 bjj = )\, bj—l,j € {0, 1}, 2 S] S m,
va bj; = 0 néu hodc i > j hoac i+ 1 < j.

Ky hiéu r 1a hang cia B — A\I,,,, ttc la ¢6 dang m — r ¢ot trong B — A,
dong nhat 0, cai thi nhat, va nhing cai duge danh s6 bdi cidc s6 nguyen
j > 2 sao cho b;_1; = 0. Danh s6 tap hop (co thé rdng) cac chi s6 cot ma hé
sO bj_1 ; triet tieu nhu sau

{j:bj—l,j :0} =: {bg,...,bm_r},QSbQ < .- <bm—r <m.

Mot céch tuong duong, b1 — by 1a ¢5 ctia khéi Jordan B = (bij )by <ij<biyi—1-
S6 nguyen b1 — by 1a bac lity linh ctia khéi BY.

Ta c6 thé chon dang Jordan sao cho b —b; 1a day tiang theo 1 < [ < m—r,
v6i quy U6C bpy—ri1 := m + 1. Thic 1a cac s6 0 c6 thé c6 xuat hien véi cac chi
s6 j nhd nhét c6 thé mot cach toan cuc.

Dinh nghia 2.6. Véi 1 <i < m,
di(B)=d; :=1+#{k - m—i+2<b, <m}.

Mot cach tuong duong, d; — 1 1a s6 cac cot dong nhat 0, trong s6 i — 1
cot cudi ciia A; hay

di=14+(m—r)—max{j:b; <m—i+1},

v6i quy uée rang s6 max bang 0 néu tap hgp bén phai 1a réng.

Ta ciing ¢6 thé dién gidi d; = d;(B) nhu la s6 nguyén d nhé nhét sao cho
c6 mot tap S cia d vector trong C" vé6i tinh chat rang cac lap lai ctia S baéi
B sinh ra mot khong gian con ciia C" véi chieu khong bé hon j (ta sé khong
can diic trung nay, va vi thé ching toi khong trinh bay chitng minh).

Cha y rang B la cyclic khi va chi khi d;(B) = 1, v6i moi i (bj_1; = 1
v6i moi j); trong khi d6 n6 la vo huéng khi va chi khi d;(B) = i, v6i moi ¢
(bj—l,j =0 v6i IHOl j)

Meénh dé sau dua ra mot tap hop cac diéu kién nang can va da vé mat
dia phuong. Néi rieng, didu nay noéi ring tat ca cac diéu kien can cé thé co6
ma ¢6 thé nhan duge tit biéu hien ctia @ trong mot 1an can o € D déu dugc
vét can bdi (3.8).

Ménh dé 2.7. Cho ¢ € Hol(w,G,,), vdi w la mot lan cin cia o € D. Cho
Ay nhu trong (2.1). Cdc khdng dinh sau la tuong duong:



(a) Ton tai w' C D mot lan can cia o va ® € Hol(w',Q,) sao cho

WO(I):()OJ(I)(O):AD

(b) Anh za © thda man

d" Py

dtk ()‘]) = O((C - a)dmj_k(Bj))a 0<k< mj — 17 1< ] < s, (22)

trong do d; nhu trong Dinh nghia 2.6.
(¢) Ton tai W' C D mét lan can cia o va ® € Hol(w', ) sao cho

7Tod = ®0) = A; va ®(() cyclic vdi ¢ € W'\ {a}.

2.5 Két qua chinh

Dau tién ta can mot bo dé dai s6 tuyén tinh cho ta dang chinh tic ctia
cac ma tran, khac mot chit so véi dang Jordan dé thich hop v6i muc dich
ciia ching ta. Chung t6i goi n6 1a dang Jordan sia dos.

Chiing t6i can thiét lap cac ky hiéu sita ddi mot chiat. Cho 4, € M,
c6 Sp(A;) = {M\,..., \n}: 6 day cac gid tri rieng tinh lap lai theo boi.
Cho my,...,ms la cac boi tuong tng, dat n; = my + --- + m;. Khi dé
0=mng<ng <--<ng=nva\, =\ khi vd chi khi ton taii € {1,...,s}
sao cho n;_1 < k, K < mn;.

Ta gid stt rang Ay := (a;5)1<ij<n 6 dang Jordan véi cac ky hieu cta (2.1),
trit viec déanh chi s6 cac gia tri riéng: bay gio Sp By = {\,, }-

B6 dé 2.8. Ma trin Ay dugc cho nhu trén dong dang vdi A" = (a};)1<ij<n
trong do ay,, 1, =1 % ap11n, =0, 1 <i < s =1, va aj; = a;; vdi moi gid
tri khdc cta cdc chi so.

Meénh dé 2.9. Cho ® la dnh za tuD (tri mot so ky di) vao M, dugc dinh
nghia boi

901,1(0 f2(§) 0 0
0 @2,2(@) ‘ 5
0= o fa© 0|
0 0 T SDn—1,n—1(O fa(€)
©n,1 ©n,2 e Pnn—1 Pn,n



trong do fi, 2 <k <n, va ork, 1 <k <n—1, la cac ham chinh hinh duogc
chon, fi, khong dong nhat 0, va trong dé

@Z:_AHﬂmannwD
" [l Q)

va cuol cung

1<l¢<n-1, (2.3)

P = —An_lp[g;(g)](ipl,ly e Pne1n-1,0) =1 — (P11 + -+ Pno1n—1)-

Khi d6 o ®(C) = ¢(C), vdi cic gid tri cia ¢ ma tai dé cdc thuong co
nghia.

Cho A’ nhu trong két lugn cia Bo dé 2.8, va a € D. Néu fi(o) = aj,_y 4,
2<k<n o) =X, 1 <k <mn,vad ppp(e) =0,1 <k <n-—1,th
B(a) = A

Néu f(¢) #0 vdi moi k € {2,...,n} va ¢ € D\ {a}, thi ®(¢) cyclic vdi
¢ eD\{a}.

Két qua quan trong nhat ctia chuong la:

Dinh ly 2.10. Chon € N*, n <5, Ay,..., Ay € M, a1,...,ay € D va
¢ € Hol(D, G,,).

Khi dé ton tai ® € Hol(D,$,) théa man ¢ = o ® va ®(o;) = A; vdi
j=1,...,N khi va chi khi @ théa man cic dieu kién (3.8) trang 18 cho moi
J, vo1 A; thay cho Ay va a; thay cho o, trong do 1 < j < N.

Thém nita ta co thé chon gid tri ®(C) la ma tran cyclic khi ¢ & {ay, ..., a,}.

Dé chiing minh két qua nay, ta sit dung cong thitc nang anh xa da néu
va két hop cac k§ thuat tinh toan va chiing minh cho ting truong hgp dang
Jordan ctia moc noi suy.
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Chuong 3

Bai toan nang anh xa tu da dia
déi xing héa cé dieu kiéu dao
ham bac nhat

3.1 Phat biéu bai toan

Nhic lai réng m: Q4 — Gy 1a phép chiéu thong thuong (hay anh xa doi
xtng héa) (xem Dinh nghia 2.1). Cho By € €24 va By 1a mot ma tran vuong
phtic cap 4. Cho ¢: D — G4 1a mot dia chinh hinh sao cho ¢(0) = 7(By)
va ¢'(0) = Drp, By, trong d6 Drg, 1a dao ham clia 7w tai By. Bo ba nhu thé
dugce goi 1a dit lieu, duge ky hieu béi {p, By, B1}.

Ta noi dit lieu {p, By, B} 12 nang dudc dia phuong néu ton tai mot
anh xa chinh hinh ®: w — 4 trong d6 w la mot 1an can ctia 0 € C sao cho

p=modonw
®(0) = By
P'(0) = By

Trong trudng hop nay, ta goi ® 1a anh xa nang (dia phuong) cua ¢.

Bai toan 3.1. Cho {p, By, B1} la mot di lieu. Tim cdc dieu kién can va di
doi vdi ¢ sao cho dit liéu {p, By, B1} la nang dudc dia phuong.

3.2 Nhitng thu gon dau tién ctia bai toan

Ta n6i rang hai dit lieu {p, By, B1} va {p, B}, B} 1a tuong duong néu
ton tai cdc anh xa chinh hinh ®: w — Q4 vd P: w — GL(4,C) sao cho
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. Chu y rang ¢ khong tham gia

®(0) = By W (P~1-®-P)0) =B

'(0) =B (P~1-®-P)(0) =B
vao dinh nghia ctia tinh tuwong duong. Ta dé dang thay rang néu hai dit lieu
tuong duong thi tinh nang duge ctia dit lieu nay kéo theo tinh nang duge cia
dit liéu con lai.

Ta quan sat moi quan hé gitta (By, By) va (B}, By) mot cach chi tiét hon:
Dau tién, Ta c6 By = P(0)"'ByP(0), do d6 hai ma tran B, va B} la dong
dang. Diéu nay kéo theo rang hai dit licu (¢, By, By) va (p, C~1ByC, C~1B,C')
la tuong duong véi moi C € GL(n,C). Do d6 ta c6 thé gid st By ¢ dang
Jordan, va ké tit bay gio ta luon gia sit diéu do.

Bay gio, gia s hai dit lieu (¢, By, B1) va (¢, By, B}) 1a tuong duong. Khi
do P(0) la mot ma tran giao hoan véi By. Thém nita,

By = P(0)"'BLP(0) + P(0)~ By P'(0) — P(0) " P'(0)P(0) " By P(0)
= P(0)"'B1P(0) + P(0) By P'(0) — P(0)~"P'(0) By
( do P(0) giao hoan véi By)

= PO BP(0) + PO)™ (B (0) = P'(0) By
= P(0)""B1P(0) + P(0)~'[Bo, P'(0)] (3.1)
trong do [By, P'(0)] = ByP'(0) — P'(0)By la giao hoan tit thong thuong.

Do do, ta co

Ménh dé 3.2. Hai dit licu (p, By, By) va (p, By, C™'B,C + C~[By, M]) la
tuong duong trong dé C € GL(n,C) giao hodn vdi By va M € C™" la ma
tran vuong bat ky.

Gié st Sp(By) = {A1, A2, ..., Ak} trong d6 cac A; 1a phan biét va

la dang khdi ctia By trong d6 Sp(By,»,) = {Ai}. Nhéc lai ky hieu Py (t) =
> io(=1)Yp;(()t"7 trong d6 ¢y = 1 theo quy udc tit Dinh nghia 2.4. Da
thitc nay c6 thé phan tich thanh & nhan tit d6i mot nguyén t6 cting nhau

P (t) = P[@l](t)P[wz](t) - Py (t)

trong d6 ¢;(0) = m(Bo,,) véi méi j. Thém nita, néu ¢ la mot anh xa nang
ctia (i, By, By), thi Ker(P, ) (®(¢))) la mot khong gian con bat bién clia ®
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tai moi gia tri ctia ¢ va
k
C" = D Ker(Py, () (2(0))).
j=1

Diéu d6 c¢6 nghia 1a tinh nang duge dia phuong cia (¢, By, By) tuong
duwong véi tinh nang duge dia phuong mot cach dong thoi ciia k dit lieu mdéi
(55 Bo,, Buy,)-

Vi thé ta chi can xét truong hop ma By c6 ding mot gia tri rieng va trong
trudng hgp dé, bang cach ap dung bién doi Mobius M+ (M —XI)(I—-AM)™*,
ta c6 thé gia st By liiy linh.

3.3 Tich hop

Dé phuc vu tinh toan dao ham clia 7 o ®, ta can tuyén tinh héa céc da
thitc o;(M) v6i M € C™". Cong cu tuyén tinh hoa do duge goi 1a tich hop.
Ta khong trinh bay cong cu nay & day ma chi néi ngan gon la: o;(M) sé la
tich i—tuyén tinh ctia ¢ ma tran M. Ky hiéu 1

1
oi(M)==M-M-.... M
1.

Trong luan an, ta sé bé dau - di va khong lo s¢ nham 1an v6i phép nhan ma
tran, vi hau nhu ta khong sit dung phép nhan ma tran.

3.4 Nhiing phan tich dau tién vé bai toan

Gié st dit lieu {¢, By, B1} ¢6 nang dia phuong ®. Nhu trén, gia st By liy
linh. Ta nhéc lai cac s6 d; lien két v6i By ma da dude trinh bay trong Dinh
nghia 2.6. Cu thé, ky hieu (b;;) 1a cac hé s6 clia By (thinh thoang ta viét
(b ;) néu c6 nhu cau tach biet hai chi s0), khi d6 dat

FO = {j bjfl,j = O} U {1}
={b=1<by<...<bs}.
S6 s 6 day 1a s6 cac khoi Jordan so cap clia By.
Tiép theo, ta sap xép céc khoéi Jordan so cap ciia By sao cho b1 — b;

tang véi quy ude bsyy = size(By) + 1 = n + 1. Khi dé
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Do dit lieu {¢, By, B} la nang dugc dia phuong, nén theo chuong trudc,

p®)

o (0) = O(¢*+) for 0 <k <m—1.

Nhing P2 (0) = kloy k(= ®(C)) = (=1)" *klo, 1((C)) = (—1)" *klpn 4(C).

Do d6, d6i v6i ma tran liiy linh By, cac diéu kién c6 dang don gidn nhu sau

Pr(Q) = O(C™).

Ky hieu ®*)(0) = By, 1a dao ham thit k ctia ® tai ¢ = 0. Ta biét 1a By, By
dugc cho trude, do d6 cac ma tran khac By, 1a cai can tim. Mot cach tu nhien,
cic quan heé gitta cic By, nay bi chi phéi bdi cac diéu kién clia ¢ tai ¢ = 0,
tic la cac gia tri cia dao ham ctia n6 6 d6. Do do6 ching ta phai tinh cac dao
ham nay theo ®, tiic 1a tinh

dk
— O (D i

Ma ta da biét tur tich hop 1a

1 1
om(P)=—Tr(®O...00)= —&-...-D.
m lan m lan
Theo luat Leibniz tong quat,
d* 1 k! . . .
= (41) (42) (jm)
7 om(P(C)) = — Z ﬁcb (0)®V2(0) ... PV (0)
a6 ¢=0 m Ji+ie+..+im=k J12J2% e Jme
Ji=0
(3.2)
1 k!
= — B, B;,,...B; . (3.3)
| Z 14,1 | I Jm
m: St da ot jm—k J1i020 - Im:
Ji>0
Hay néi cach khac,
1 k!
®) () —
PNO0)=— > 5 BiBju- B, (3.4)
m: ]1+]2+>$]m:k jl-]Q- .. jm
Ji>

Day la cac phuong trinh theo By v6i k > 2. Mot nghiem {Bj}r>2 clia
cic phuong trinh nay khong nhat thiét tao thanh mot anh xa chinh hinh dia
phuong ® quanh ¢ = 0. Diéu d6 c6 nghia la ta can phai xit Iy van dé hoi tu
ctia nghiém. Ching t6i sé ban diéu d6 sau.
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3.5 Cac truong hop cua B

Phat biéu cac két qua va chitng minh ctia Bai toan 3.1 sé dugc trinh bay
theo cac truong hop ciia By, cu thé 1 theo dang Jordan ctia By. Do By liy
linh va khong cyclic!, nén c6 ba trusng hop can xét:

0000 0000
0010 0000
(I) By = 0001 (IL) By = 0001
0000 0000
0100
0000
<H)B°_0001
0000

3.6 Anh xa tuyén tinh lién ket Lp, p,, cac
dieu kién va lugc do ching minh
Cho {¢, By, B1} 1a mot di lieu ctia bai toan nang. Nhu chung toi da ly

luan truée do, ta co thé gia sit By 1a liy linh va ¢6 dang Jordan. Ky hiéu d;
1 cac s6 lien két véi By. Vi du, néu

By =

o O O O
o O O O
o O = O
O~ O O

thidi =dy=ds=1vady, =2.

Néu ¢ nang duge dia phuong, thi ¢(0) = (0,0,...,0) € C*. Ta sé quan
tam & day truong hop tong quat trong do n la ¢d clia ma tran By. Nhung
chiing t6i chi c6 thé dua ra cac chiing minh cho truong hop n = 4 trong céc
muc tiép theo.

Ta biét tu Chuong 2, dieu kién nay kéo theo rang

Piien() = 0(¢™)

v6i 0 < k < n— 1. Nhung vé tréi 1a k!(—1)" "%y, _1(¢), nén ta nhan dugc cac
diéu kién don gian

'Trusng hop By cyclic da dude xit Iy trong bai bao ctia Huang, Marcantognini va
Young.
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0; () = 0(CY) v6i 1 < j <n. (3.5)

Cac diéu kién nay cho mot hé qua nhu sau.

Hé qua 3.3. Gid st By € C*" liy linh va dy, ..., d, la cdc s6 lien két cia
no. Voi My, My, ..., M, € C"" va d; > k+ 1, ta luon co

ByBy...By MiMsy... M, =0.
—_———

i—k lan

Nhéc lai ring ta luon c6 By 1a dao ham thit &k, hay ®*)(0), ctia anh xa
nang ®. Nho Hé qué 3.3, cac phuong trinh tai (3.4) c¢6 dang

m—dm, 1an dm—1 lan
k+dy, — 1) ByBy... By BB, ... B, B
(k+dm—1) () :( m 0bo 0 D15y 15k 3.6
om0 0) Rl m—d ) (dm =101 (36)

trong dé cac dau cham bicu thi cho céc hang ti chi phu thuoc vao B; véi
i < k. Diéu nay goi y 1a ta nén sip xép cac phuong trinh tai (3.4) thanh cac
nhém gom n phuong trinh. Cu thé 1a dat

k+d1— k4-do—
P () (1)

%k:{(k+1)(k—|l—2)...(k+d1—1)’(k+1)(k+2)...(k+d2—1)""

P (0)
"k Dk+2).. k+tdi—1) [ (3.7)

Khi d6 vé trai clia cac phuong trinh ctia ¢ (3.4) bi 4p dit bdi cac gia tri cia
dao ham thi k cia anh xa ¢, v6i moi k > 2, chinh la X, v6i k > 2 (nhan xét
la véi k =0, va 1, By va By da dugc cho trudce).

Chiing ta mo ta vé phai clia cdc phuong trinh d6. Xét anh xa tuyén tinh
sau Lp, g, : C*™ — C" trong d6 toa do thi m cla Lg, g, (M) véi M € C™"
duge dinh nghia bdéi cong thic

m—% lan dmilén
BoBy...Bo BBy ... B, M
(m — dp)!(dy — 1)!

Ta goi 4nh xa Lp, g, nay la dnh xa tuyén tinh lién két v6i bai toan nang
(hoac véi dit lieu {¢, By, B1}).
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Bay gio ta quan sat X v6i £ > 2. Nhan xét
%k - LBO»Bl (Bk) =+ ...

trong dé cac dau cham bicu thi cho céc hang ti chi phu thuoc vao B; véi
1 < k.

Ta nhan xét 1a néu rank(Lp, ,) = n, tic la Lg, p, ¢6 hang cuc dai, thi
ta c6 thé tim thiy mot day {By}r>2 12 nghiém ciia cdc phuong trinh trong
d6 By, can phai dugce tim truéc By.

Tuy nhién, diéu nay khong ddm béo su hoi tu ctia chudi Y-, %C ¥ trong
khi diéu nay la can thiét cho viéc @ chinh hinh trong mot lan can ctia ¢ = 0.
Ta sé ban vé diéu nay trong mot lat nita.

Ta nhan xét 1a néu rank(Lp, p,) < n, thi diéu nay cho ta mot quan he
tuyén tinh gitta cac dai lugng ctia Xj,. Cu thé 1a By, c¢6 thé bi triet tieu khoi t6
hgp tuyén tinh nao dé ciia cdc vé phai cia (3.4) dé sdn xuat ra cdc phuong
trinh khong phu thudc vao By, tic la chi phu thudc vao By, By, ..., By_1.
Nhan xét 1a ta xét B, Bz, ..., nhu la mot chudi cac thong tin ma trong dé
Bi_1 1a thong tin biét trude thong tin Bj,. Khi k& = 2, diéu nay cho ta cac
diéu kien can cu thé vé ¢, va day chinh la cach ma N. Nikolov, P. Pflug va
P. J. Thomas da nhan dudc céc diéu kién can.

Trong trudng hop ma rank(Lg, 5,) < n, mot vai dai lugng cia X, khong

c6 sit tham gia ctia By, vi du, gpﬁf’Ld”_l)(O). Vi thé viéc xét cac dao ham tiép

theo la tu nhién, vi du, gpglker")(O) cho t6i khi né phu thuoc vao By nhung
khong phai phu thuoc vao Bj,i. Bang cach nay, ching toi thyc té da thay
Lp, g, b6i mot anh xa méi Lp, g, p, ma By tham gia vao trong dinh nghia
ctia Lg, p,.p, nhung khong c6 By nao khéc véi k > 3. Anh xa méi L, p, 5,
nay phai c6 hang cuyc dai.

Tuy nhién, ta van con van dé vé sy hoi tu ctia chudi > pe ) 26¢*. Didu nay
héa ra ciing khong qua khé khan: néu ta c6 thé tim dugc mot nghiem{ B}
c6 dang By, 1a cac ma tran chi gom dang mot dong khac 0, thi s hoi tu dude
dam bao, do day Bj, sé bi chi phdi bdi mot quan hé hoi quy tuyén tinh va ta
c6 thé danh gia duge chuan ciia ching.

Dé lam diéu nay, ching t6i phai tim mot ma tran B, thich hop sao cho
han ché ctia L, p, B, lén khong gian con ctia C™", gdm céc ma tran c6 dung
dong cudi khac 0, c6 hang cyc dai, titc 1 ¢6 hang bang n.

Ching minh khi d6 chi yéu 1a ki thuat tinh toan va rat dai dong.

3.7 Cac két qua chinh

Xem trong phan két luan.
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Két luan

Céc két qué chinh ctia luan an bao gom (duge danh s6 gidng nhu trong
luan én).

Dinh 1y 1.7 Cho X la da tap phtic ¢6 chita mot duong cong nguyén, tiic
14 mot duong cong chinh hinh khac hing f: C — X. Khi d6, ca hai da tap
phitc C x X va C* x X déu khong thuoc loai E—gidi han v6i moi metric
Hermit E tuong ting trén C x X va C* x X.

Ménh dé 2.11 Cho ¢ € Hol(w,G,,), v6i w 13 mot 1an can ctia o € D. Cho
A nhu trong (2.1). Cac khang dinh sau 1 tuong duong:

(a) Ton tai ' C D mot lan can ctia a va ® € Hol(w’, €,,) sao cho

mod :(’p,q)(()) :Al;
(b) Anh xa ¢ théa méan

d* P, j
) =0((C = a0 <k <my—11<j <5, (38)

trong do6 d; nhu trong Dinh nghia 2.6.
(c) Ton tai w’ C D mot lan can cia  va ® € Hol(w',,) sao cho
Tod = ®0) = A; va ®(¢) cyclic v6i ¢ € '\ {a}.
Dinh ly 2.20 Chon e N*, n <5, Ay,..., Ay € M,, a1,...,ay € D va
¢ € Hol(D, G,,).
Khi d6 ton tai ® € Hol(DD, ,) théa man ¢ = 7o ® va ®(a;) = A; v6i
j =1,..., N khi va chi khi ¢ thoa méan cac diéu kien (3.8) cho mdi j, v6i A4;

thay cho A; va «; thay cho «a, trong d6 1 < j < N.
Thém nita ta c6 thé chon gid tri ®(¢) 1a ma tran cyclic khi ¢ ¢ {ay, ..., an}.
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Dinh 1y 3.7 Gia st rank(Lp, p,) = 3. Dt liéu {p, By, B1} nang dugc dia
phuong khi va chi khi cac dieu kién sau dude thda man

(1) »1(0) = 2(0) = 3(0) = ¢4(0) =0,

i ByByB
(i) @4(0) = o1(BL). @4(0) = ByBy. (o) = D20l
ByByBB
() ¢4(0) = 0. gy0) = PP
) " O B B B B
i) PO g0 = PPPB g,

Dinh 1y 3.8 Gia stt rank(Lp, p,) = 4. Dt lieu {y, By, B1} nang dugc dia
phuong khi va chi khi cac dieu kién sau duge thoéa man

(1) 1(0) = ¥2(0) = ¢3(0) = 4(0) =0,

i ByByB
(i) ¢4(0) = 01(Bu). @4(0) = BoBr. 4(0) = =2,
ByByB B
(it}) ©(0) =0, @}(0) = ===+ =0.

Dinh 1y 3.9 Gia st rank(Lp, p,) = 2. Dt licu {p, By, B1} nang dugc dia
phuong khi va chi cac diéu sau duge thoa man

(i) ©1(0) = ©2(0) = 3(0) = p4(0) =0,
(ii) ¢1(0) = 01(B1), ¢5(0) = BobB,
(iil) ¢3(0) = ¢4(0) =0,
(iv) #5(0) = BoB1B,

b21 bQ3

(v) {(0) = Byt —
b41 b43

2

=0,
(Vi) SOZ/(()) = ByB BBy,

(vii) Z2O — aplf(0) = 205(By) — 2005(B).
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Dinh ly 3.10 Gia st rank(Lp, p,) = 3. Dt liéu {p, By, B1 } nang dugc dia
phuong khi va chi khi

(i) 1(0) = ©2(0) = ¢3(0) = 4(0) = 0,

(i) ¢1(0) = 01(B1), ¥5(0) = BoBy,

(i) 24(0) = ¢4(0) = 0,

(iv) #4(0) = BoBiBy,

(v) @h(0) = BoBouBs — o021 D3|
b41 b43

(vi) ©'(0) + 3kp5(0) = BoB1B1 By 4 6k09(5y).

Dinh ly 3.11 Gid st rank(Lp, p,) = 4. Dt licu {p, By, B1 } nang dugc dia
phuong khi va chi khi

(1) ©1(0) = 2(0) = 3(0) = ¢4(0) =0,

(ii) ¢1(0) = 01(B1), ¥5(0) = Bo B,
(iii) 5(0) = ¥4(0) =0,
(IV) QOg(O) BOBle
b1 b
1 _ BoBoBlBl — 21 23
(¥) (0) = BBt = g |21 )

Dinh ly 3.12 Trong truong hop rank(Lp, p,) = 2 v {b11, b2, ba1, baa} #
{0} dt lieu {y, By, B1} nang duge dia phuong khi va chi khi

( ) ( ) = 7T<BO> = (07 0,0, 0)7
(11) ( ) (0'1(31),B0.Bl,0,0) = (0'1<Bl),—b43,0,0),
(iii) ¢45(0) = ByBy By,
(iv) ¢1(0) =
(v) jo§;(0> _ 203(311 = (br1 + ban) ( £410) = 20(By) )
(4)
(vi) j041 2(0) —204(By) = Z; ZZ (b0 - 203(B) ).
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Dinh ly 3.13 Trong truong hop rank(Lp, p,) = 2 v {b11, b2, ba1,baa} =
{0} dt lieu {, By, B1} nang duge dia phuong khi va chi khi

(1) ( ) - 7T<BO) (0707070)7
(i) ¢'(0) = (01(B1), BoB1,0,0) = (01(B1), —ba3, 0,0),
(iii) %(0) = ByB1By,
(iv) ¢7(0) =
#4/(0) so§4><o> _
) == =" =0

Dinh 1y 3.14 Néu rank(Lp, p,) = 3, thi dt lieu {¢, By, B } nang dugc dia
phuong khi va chi khi cac diéu kién sau dude thdéa man

(i) 1(0) = ¢2(0) = ¢3(0) = ¢4(0) =0,
(ii) ¢1(0) = 01(B1), ¥5(0) = BoBy = —bus,
(iii) ¢5(0) = ¢4(0) =0
(iv) ¢5(0) = BoB1Bi, ¢}(0) =0,
(v) ¢4(0) = BoB1B1 B,
) 2 ol <2 2 e

— 2%0’3(31) + 2H(b11 + bQQ)O'Q(Bl).

Dinh ly 3.15 D lieu {¢, By, B1} nang dugce dia phuong khi va chi khi

(i) ©(0) = 7(By),
(i) ¢'(0) = Drg, B trong d6 Drp, 1a dao ham toan phan ctia 7 tai By,

(111) Qﬁg(O) == BoBlBl, (,OZ(O) == 0 QO/”(O) == B()BlBlBl.
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