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Introduction

This thesis consists of three main chapters with the essential content as
follows:

Chapter 1 presents a generalization of the result of Do Duc Thai, Mai Anh
Duc and Ninh Van Thu on classes of manifolds which are not of E—limit type,
or also called manifolds which do not contain limit £F—Brody curves. This
work is published in [3].

Chapter 2 presents results on the lifting map problem from symmetrized
polydisc G,, to spectral ball 2,, with n < 5, where lifting maps are made pre-
cise and we prove that the lifting map formula does not work for dimensions
n > 6. This work is published in [1].

Chapter 3 presents results on the lifting map problem from the sym-
metrized polydisc G4 to the spectral ball €2, with given first derivative. This
work is a continuation of the one of N. Nikolov, P. Pflug and P. J. Thomas
and more precisely, we point out the nature of the necessary and sufficient
conditions for local liftability. This work is new, still in form of a preprint
and has not been published in any journal yet.



Chapter 1

On limit £—Brody curves

1.1 Introduction

In this chapter, we present a new proof of a result of Do Duc Thai, Mai
Anh Duc and Ninh Van Thu concerning limit Brody curves and non-normal
families of holomorphic mappings. Non-normal families of holomorphic map-
pings and Brody curves (i.e. a holomorphic curve with bounded derivatives)
are closely related. Concerning these topics, these three authors proved the
following results.

Theorem 1.1. C" (n > 2) is not of E-limit type for any length function E
on C".

Theorem 1.2. (C*)? is not of ds%g-limit type, where ds%g is the Fubini-
Study metric on P*(C).

Their proof makes use of a result of J. Winkelmann and some quite com-
plicated techniques of extraction of subsequences. So in this note, we try to
give another short and slightly more general proof.

First of all, we recall some definitions to explain the content of their
theorems.

Definition 1.3. Let X be a complex manifold with a hermitian metric E.
A holomorphic curve f : C — X is said to be an E-Brody curve if its
derivative is bounded, i.e., | f'(2)|g < ¢ for every z € C where ¢ is a constant
positive constant.

Length function is a more general notion of metric, but it will not concern
us in this note, so we refer the reader to their paper for the definition. Note
that if we write E,(v), it means the length of the tangent vector ¢’ at the
point p with respect to the metric E. If the point p is well understood, |v]g
is sufficient.



Definition 1.4. Let X be a complex manifold with a hermitian metric E.
The complex manifold X is said to be of E-limit type if X satisfies the
following;:

For each non-normal family F C Hol(A, X)), where A is a domain in C
and Hol(A, X) the set of all holomorphic mappings from A into X, such
that F contains no compactly divergent sequence, then there exist sequences
{p;} C A with p; = po € A as j — oo, {f;} C F,{p;} C R with p; > 0 and
p; — 0% as j — oo such that

9;(&) == fi(pj + p;i€),§ € C,

converges uniformly on any compact subsets of C to a non-constant E-Brody
curve g : C — X.

For the convenience of the reader, we recall the definition of a normal
family and compact divergence.

Definition 1.5. A family F C Hol(A, X) is said to be normal if, for each
sequence { f;}52, in F, there exists a subsequence which converges uniformly
on compact subsets of A. A family of mappings which is not normal is called
a non-normal family.

Definition 1.6. A sequence {f;}32, in Hol(A, X) is said to be compactly
divergent if, for all compacts K C A and L C X, there exists jo such that,
for j > jo, we have f;(K)NL = 0.

1.2 Non-existence of limit Brody curves

Now we present our main result which is a slight generalization of their
Theorem 1.2 stated as follows.

Theorem 1.7 (Main result). Let X be a complex manifold which contains an
entire curve, i.e. there exists a non-constant holomorphic curve f: C — X.
Then both C x X and C* x X are not of E—limit type for any hermitian
metric £ on C x X or C* x X respectively.

In the proof of the theorem, we make use of two lemmas.

Lemma 1.8. Let ¢,, > 0 for n € N. The following are equivalent.
(@) T (1 + ) < 00, (b) X5 e < o6.
Moreover, (a) and (b) are equivalent to the following
(c) T1,2,(1 —¢,) > 0 if we suppose in addition 0 < ¢, < 1 for every n.



The second is the main lemma, which is the key of the proof of the Main
result.

Lemma 1.9. Let {a;}32, be a sequence of pairwise distinct nonzero complex
numbers such that z;’il |a—1]‘ < 00. Then, for all complex numbers p; and k;
with 1 < j € N, there exists a holomorphic function g: C — C which satisfies
the following interpolation conditions: g(a;) = p; and ¢'(a;) = k; for every
1<jeN.

To prove this lemma we make use of a basic technique in sheaf theory.



Chapter 2

Lifting map problem from
symmetrized polydisc without
derivative conditions

2.1 Résumé

The spectral unit ball €2,, is the set of all nxn matrices M with spectral radius
less than 1. Let (M) € C" stand for the coefficients of the characteristic
polynomial of a matrix M (up to signs), i.e. the elementary symmetric
functions of its eigenvalues. The symmetrized polydisc is G,, := 7(£2,).

When investigating Nevanlinna-Pick problems for maps from the disk to
the spectral ball, it is often useful to project the map to the symmetrized
polydisc (for instance to obtain continuity results for the Lempert function):
if ® € Hol(DD, €2,,), then 7o ® € Hol(D, G,,). Given a map ¢ € Hol(D,G,,), we
are looking for necessary and sufficient conditions for this map to “lift through
given matrices”, i.e. find ® as above so that m o ® = ¢ and ®(«;) = A,
1 < j < N. A natural necessary condition is ¢(a;) = m(4,), 1 < j < N.
When the matrices A; are derogatory (i.e. do not admit a cyclic vector) new
necessary conditions appear, involving derivatives of ¢ at the points ;. We
prove that those conditions are necessary and sufficient for a local lifting. We
give a formula which performs the global lifting in small dimensions (n < 5),
and a counter-example to show that the formula fails in dimensions 6 and
above.



2.2 Introduction

Some problems in Robust Control Theory lead to the study of structured
singular values of a matrix (denoted by ). A special case of this is simply the
spectral radius. A very special instance of the “u-synthesis” problem reduces
to a Nevanlinna-Pick problem, i.e. given points a; € D := {2z € C: |z| < 1},
A; e QcCCm 1< j <N, determine whether there exists ® holomorphic
from D to €2 such that ®(a;) = A;, 1 < j < N. We refer the interested
reader to Nicholas Young’s stimulating survey.

We study this special case. Let us set some notation.

Let M,, be the set of all n x n complex matrices. For A € M,, denote by
Sp(A) and 7(A) = maxyesp(a) |A| the spectrum and the spectral radius of A,
respectively.

Definition 2.1. The spectral ball €2, is given as
Q, ={AeM,:r(4) <1}
The symmetrized polydisc G,, is defined by
G :={m(A): AeQ,},

where the mapping 7 : M,, — C", 7 = (0y,...,0,), is given, up to al-
ternating signs, by the coefficients of the characteristic polynomial of the

matrix:
n

Pa(t) := det(tl, — A) =: Y (=1)/a;(A)t" .
5=0
In other words, the k-th coordinate of 7, o (A), is the k-th elementary sym-
metric function of the eigenvalues of A.

Problem 2.2. (The Lifting Problem).
Given a map ¢ € Hol(D,G,) and Ay,...,Ax € Q,, find conditions

(necessary, or sufficient) such that there exists a ® € Hol(D,<,) satisfying
p=mo® and ®(a;) = A; forj=1,...,N.

When this happens, we say that the map ¢ Ilifts through the matrices
Aj, ..., An at (aq,...,an). An obvious necessary condition for ¢ to lift
through the matrices A;,..., Ay at (aq,...,an) is that ¢(a;) = 7(A4;) for
j=1,....N.

Remark 2.3. Whenever there is a solution to the Lifting Problem for oy, Aj,
then there is one for a;, A;, when A; ~ A; for each j, i.e. A; is similar to
Aj;, i.e. for each j there exists P; € M, ! such that A; = Pj_lAij.

6



2.3 First reductions of the problem

We need to establish some notations.

Definition 2.4. Given a vector v := (vy,...,v,) € C", we denote Py(t) :=
T (1) ot

This choice ensures that Pr(4) = Pa.

Definition 2.5. Given a := (ay,...,a,) € C", the companion matriz of a is
0 1 0O --- 0
0 0 :
Clg =1 : 10
0 o --- 0 1
ap Gp—-1 - Q2 a1

n

We see that its characteristic polynomial is then det(tl,, — Cp) = t" —
> iy a;t" ™, so that 0;(Crg) = (1) ay, for 1 < j <n.

Given a matrix M, the companion matriz of M, denoted C);, is the
unique matrix in companion form with the same characteristic polynomial
as M.

A matrix A € M,, is cyclic (i.e. non-derogatory) if and only if it is
conjugate to its companion matrix.

The above computation of the characteristic polynomial of a companion
matrix shows that ¢ € Hol(D, G,,), if we write ¢ := ((—1)7p;,1 < j <n),
then the map given by ®(¢) := Clg(¢) is a lifting of .

Therefore, in view of Remark 2.3, this means that lifting through a set of
cyclic matrices can be achieved as soon as the obvious necessary conditions
o(a;) =m(Aj), 1 <j <N, are satisfied.

The case where A; has only one eigenvalue, and As, ..., Ay are cyclic,
has been studied in the article of P. J. Thomas and Nguyen Van Trao.

2.4 Necessary conditions

Let A; € M,,. Up to conjugacy, we may assume that it is in Jordan form.
Write this in blocks associated to each of the distinct eigenvalues of Ay,
denoted A\, 1 < k < s where s < n. Namely

Bl s
Ay = . Bi €My, > mp=n, (2.1)
B, k=1



where Sp By, = { A}, and \; # A for k # j.

Temporarily, we fix k and write (B, )\, m) instead of (By, A, my). We
need to set up some notation as in the article of P. J. Thomas and Nguyen
Van Trao. Let B = (bi,j)lgi,jgm- Then bjj = )\, bj—l,j c {0, 1}, 2 S ] S m,
and b;; = 0 if either ¢ > jori+1 < j.

Let r stand for the rank of B — AI,,, so there are exactly exactly m — r
columns in B — A1, which are identically zero, the first, and the ones indexed
by the integers j > 2 such that b;_; ; = 0. Enumerate the (possibly empty)
set of column indices where the coefficient b;_; ; vanishes as

{j:bj*Lj :0} =: {bg,...,bm,T},2§b2 <o < by <.

Equivalently, b1 — b; is the size of the Jordan block BY = (bij)by<ij<biy1—1-
The integer b;11 — b; is also the order of nilpotence of the block B ),

We choose the Jordan form so that b;,1 —b; is increasing for 1 <[ < m—r,
with the convention b, .1 := m+1. It means that the possible zeroes appear
for the smallest possible indices j, globally.

Definition 2.6. For 1 <i <m,
di(B)=d; :==1+#{k - m—i+2<b, <m}.

Equivalently, d; — 1 is the number of columns which are identically zero,
among the last ¢ — 1 columns of Ay, or

di=1+(m—r)—max{j:b; <m—i+ 1},

with the agreement that the maximum equals 0 if the set on the right hand
side is empty.

One can also interpret d; = d;(B) as the least integer d such that there
is a set S of d vectors in C" with the property that the the iterates of S
by B span a subspace of C" of dimension at least j (we shall not need this
characterization, so we do not include a proof).

Notice that B is cyclic if and only if d;(B) = 1, for any ¢ (bj_1; = 1 for
any j); while it is scalar if and only if d;(B) = ¢, for any ¢ (b;_1 ; = 0 for any
).

The following proposition gives a set of conditions for lifting which are
locally necessary and sufficient. This says in particular that all possible
necessary conditions that can be obtained from the behavior of ® in a neigh-
borhood of @ € D are exhausted by (3.8).

Proposition 2.7. Let ¢ € Hol(w,G,,), where w is a neighborhood of o € D.
Let Ay be as in (2.1). Then the following assertions are equivalent:
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(a) There exists w' C D a neighborhood of o and ® € Hol(w',2,) such that

Tod :(p,CI)(O) :Alu
(b) The map ¢ verifies

d*P j
d;i(c)} (A) =O((¢C —a)™=+B 0 <k<m;—1,1<j<s, (2.2)

where the d; are as in Definition 2.6.

(c) There exists w' C D a neighborhood of a and ® € Hol(w',$,) such that

mo® = ®0)=A; and ®(() is cyclic for ¢ € W'\ {a}.

2.5 Main results

First we need a linear algebra lemma giving us a canonical form for matrices,
slightly different from the Jordan form and adapted to our purposes. We will
call it modified Jordan form.

We need to set some slightly modified notations. Let A; € M,,, with
Sp(A1) = {1, ..., A\ }: here the eigenvalues are repeated according to their
multiplicities. Let mq, ..., m, be the respective multiplicities, set n; = m; +
-+ m;. Therefore 0 =ng < n; <--- <ng=mnand A\ = A\p if and only if
there exists i € {1,..., s} such that n,_y < k, k' < n,.

We assume that A; := (a;j)1<ij<n is in Jordan form with the notations
of (2.1), except for the labeling of the eigenvalues: now Sp By = {\,, }.

Lemma 2.8. A matriz Ay as given above is conjugate to A" = (a};)1<ij<n
where ay, 1., =1 # an 140, =0, 1 <@ < s—1, and aj; = ay for all other
values of the indices.

Proposition 2.9. Let ® be the map from D (except for some singularities)
to M,, defined by

e11(¢)  fo(C) O 0
0 ©22(C) :
20=1 SRR (S I
O O e Sonfl,nfl(C) fn(C)
©n,1 ©n,2 e Pnn—1 Pn,n



where the fi, 2 <k <n, and prr, 1 <k <n—1, are holomorphic functions
to be chosen, the fi. are not identically zero, and where

@Z:_AHﬂmannwD
" [l Q)

1<l¢<n-1, (2.3)

and finally

Pnn = _An_lp[go(g“)]<§01,17 ey Pn1n-1,0) =01 — (P11 + - F Ono1m-1)-

Then mo®(¢) = (), for the values of ( where the quotients make sense.

Let A be as in the conclusion of Lemma 2.8, and o € D. If fi(a) = aj_, 4,
2<k<n, o) =M, 1 <k <n, and ppp(e) =0, 1 <k <n—1, then
O(a) =A'.

If fr(C) # 0 for any k € {2,...,n} and ( € D\ {a}, then ®(() is cyclic
for ¢ € D\ {a}.

The most important result of the chapter is the following:

Theorem 2.10. Letn € N*, n <5, Ay,..., Ay € M,,, a1,...,ay € D and
¢ € Hol(D, G,,).

Then there exists & € Hol(DD,(2,) satisfying p = mo ® and ®(oy) = A;
forj=1,...,N if and only if ¢ satisfies the conditions (3.8) for each j, with
A; instead of Ay and «; instead of o, for 1 < j < N.

Furthermore, the values ®(¢) may be chosen as cyclic matrices when ¢ &
{al, ce ,an}.

To prove this result, we make use of the lifting map formula above and
combine computation techniques and we give proofs for each case of Jordan
form of interpolation points.

10



Chapter 3

Lifting map problem from
symmetrized polydisc with first
derivative condition

3.1 Statement of the problem

Recall that 7: €4 — Gy is the usual projection (or symmetrization mapping)
(cf Definition 2.1). Let By € Q4 and B; a complex square matrix of size
4. Let ¢: D — G4 be a holomorphic disc such that ¢(0) = w(By) and
¢'(0) = Dmp, By, where Drp, is the derivative of m at By. Such a triplet is
called a datum, denoted by {¢, By, B1}.

We say the datum {¢, By, B;} is locally liftable if there exists a holo-
morphic mapping ®: w — {24 where w is a neighbourhood of 0 € C such
that

p=modonw
®(0) = By
(I)/(()) == B1

In this case, we call ® the (local) lifting map of ¢.

Problem 3.1. Let {p, By, B1} be a datum. Find necessary and sufficient
conditions on ¢ so that the datum {p, By, B1} is locally liftable.

3.2 First reductions of the problem

We say that two data {¢, By, B1} and {¢, B{, B}} are equivalent if there
exist holomorphic mappings ®: w — Q4 and P: w — GL(4,C) such that

11



. Note that ¢ is not involve in

®(0) = By and (P~1-®-P)(0) =B

P'(0) =B (P71 ®-P)(0) =B
the definition of equivalence. We easily see that if two data are equivalent,
then the liftability of one datum implies that of the other.

We look at the relation between (B, B;) and (Bj, Bj) in more detail:
Firstly, we have B = P(0)"*ByP(0), therefore the two matrices By and B}
are similar. This implies that two data (p, By, B;) and (¢, C~'ByC, C~'B,C)
are equivalent for every C' € GL(n,C). So we can suppose By is in Jordan
form, and from now on, we will do so.

Now suppose two data (¢, By, B1) and (g, By, B]) are equivalent. Then
P(0) is a matrix commuting with By. Moreover,

B, = P(0)" B.P(0) + P(0)"BaP'(0) — P(0)"P'(0)P(0) " BoP(0)
= P(0)"'BiP(0) + P(0)"' BoP'(0) — P(0)""P'(0)Bo
( since P(0) commutes with By)
= P(0)' BiP(0) + P(0)™ (BoP'(0) — P'(0)Bo)
= P(0)""B1P(0) + P(0)"'[Bo, P'(0)] (3.1)
where [By, P'(0)] = BoP'(0) — P'(0) By is the usual commutator.
Therefore, we have

Proposition 3.2. Two data (¢, By, B1) and (p, By, C™'B,C + C~[By, M])
are equivalent where C' € GL(n, C) is commuting with By and M € C™™ any
square matriz.

Suppose Sp(By) = {1, A2, ..., A\x} where the \;’s are distinct and

is the block form of By where Sp(Bj,»,) = {A:}. Recall the notation P (t) =
> io(=1)Y¢;(()t"7 where ¢y = 1 by convention from Definition 2.4. This
polynomial can be decomposed into k pairwise coprime factors

Bioi(t) = Pipy (1) Py (£) - P, (t)

where ¢;(0) = 7(By,,) for each j. Moreover, if ® is a lifting map of (¢, By, B1),
then Ker(Py, (¢ )](QD(C ))) is an invariant subspace of ® at each value of ¢ and

= D Ker(Ple,01(2(0)):

12



[t means that the local liftability of (¢, By, By) is equivalent to the simul-
taneous local liftability of k new data (y;, Boy;, B1,y,)-

It is therefore sufficient to consider only the case where By has only one
eigenvalue, and in that case, by applying a Mobius transformation M +—»
(M — XI)(I — AM)~!, we can suppose By is nilpotent.

3.3 Box product

To compute the derivatives of m o ®, we have to linearize the polynomials
o;(M) with M € C™". The tool for this linearization is called box product.
We do not present this tool here, but say briefly that: o;(M) will be the
1—multilinear product of ¢ matrices M. Denote

1
(2

In the thesis we will omit the - without confusion with matrix multiplication
because we hardly use matrix multiplication.

3.4 First analyses of the problem

Suppose a datum {p, By, B1} has a local lifting ®. As above, suppose By is
nilpotent. We recall the numbers d; associated with By which were presented
in Definition 2.6. Precisely, denote by (b;;) the entries of By (sometimes we
write (b; ;) instead if there is a need to separate the two indices), then put

FOZ{jZ bjfl’]:O}U{l}
={bi=1<by<...<bs}

The number s here is the number of elementary Jordan blocks of By.
Next, we arrange the elementary Jordan blocks of By so that b1 — b; is
increasing with convention that by, = size(By) + 1 = n + 1. Then

di=1+8(FNn+2—1i.n]).

Since the datum {p, By, B;} is locally liftable, then by the previous chap-
ter, W
k
P[so(C)]
k n— n—
But Py (0) = ko 1(=2(C)) = (=1)" *klow_(@(¢)) = (=1)"*klpu—4 ().
Therefore, for nilpotent By, the conditions are of simple form as follows

er(¢) = O(C™).

(0) = O(¢*+) for 0 < k <n — 1.

13



Denote by ®*)(0) = By, the k-th derivative of ® at ¢ = 0. Of course
By, By are given, so the other By’s are to be found. Naturally, the relations
between these By’s are governed by the conditions of ¢ at ¢ = 0, i.e., the
values of its derivatives there. So we have to compute these derivatives in
terms of @, i.e., to compute

dk
it _, om(®(C))-

As we know from box product,

1 1
Op(®) = —Tr(@0...00) = — - ... B,

By Leibniz’s general rule,

k! . ‘ |
m@(ﬂ)(o)@(h)(o) o @(Jm)(o)
_pJrazt e Jme

il S I o
dcr |, " Toml A
- ]1+]2+---+]'m
7:>0

—1 k!
) —— 1 BiBj.-- B (3.3)
! E BB, N
e J1+jot..+jm=k J1 20 Ime
7i=>0

In other words,

L k!
%) () = |
Pm (0) = m! Z ﬁleB] ...B;,. (3.4)
e ot ek J 1727 Jme
Ji>0

They are equations in By, for k > 2. A solution { By }r>2 of these equations
does not necessarily form a local holomorphic mapping ® around ¢ = 0. It

means we have to treat the convergence problem of the solution. We will
discuss it later.

3.5 The cases for B

Statements of results and proofs of Problem 3.1 will be presented according
to the cases of By, more precisely, the Jordan form of By. Since By is nilpotent
and non-cyclic!, there are three cases to consider:

IThe case where By is cyclic was dealt with in the article of Huang, Marcantognini and
Young.

14



0000 0000
0010 0000
(I) By = 0001 (L) By = 0001
0000 0000
0100
0000
<H)B°_0001
0000

3.6 Associated linear mapping Lp, p,,
conditions and a scheme of proof

Let {p, By, B1} be a datum of the lifting problem. As we argued before,
we can suppose By is nilpotent and in the Jordan form. Denote by d; the
numbers associated with By. For example, if

0 0
By =

o O O O
O R OO

01
0 0
00

then di =dy =ds =1 and dy = 2.

If ¢ is locally liftable, then p(0) = (0,0,...,0) € C". Here we look at the
general case where n is the size of the matrix By. But we can only provide
proofs for the case where n = 4 in the following sections.

We know from the Chapter 2, this condition implies that

(k) — dn—k;
Fioey(0) = O(C™)

for 0 < k < n — 1. But the LHS is k!(=1)""*p, _1(¢), so we obtain simple
conditions

pi(¢) = O(¢Y) for 1 < j <m. (3.5)
These conditions give a corollary as follows.

Corollary 3.3. Suppose By € C™" is nilpotent and dy, ..., d, its associated
numbers. For My, M, ..., My € C*" and d; > k + 1, we always have

ByBy ... By MiMs...M,=0.
—_——

i—k times

15



Recall that we always denote by By the k-th derivative ®*)(0) of the
lifting map ®. Thanks to Corollary 3.3, the equations at (3.4) are of the form

m— dm times A — 1 times
(k4 dp — 1) ByBy ... By BiB ... By By
k! (m — d)(dy, — 1)

pUtin=1)(0) = (3.6)

where the dots represent the terms depending only on B; with ¢ < k. This
suggests that we should arrange the equations at (3.4) into groups of n equa-
tions. Precisely, put

v { A (0) ()
.=

G+ DE+2).. htdi—1) Gkt )k+2).. (ktd—1) "
ﬂ%ﬂln 1)<0) } .

"k+1)(k+2)...(k+d,—1)

Then the left hand side of the equations of ¢ (3.4) imposed by the value of
the k-th derivative of the mapping ¢, for any k > 2, is precisely X, for k > 2
(remark that for k = 0, and 1, By and B, are given).

We describe the right hand side of those equations. Consider the following
linear mapping Lg, g, : C™" — C™ where the m-th coordinate of Lg, 5, (M)
for M € C™" is defined by the formula

m—d@\times dm—wimes
BoBo...ByBiBy...Bi M
(1 — dy)(dpy — 1)

We call this mapping Lpg, g, the associated linear mapping with the lifting
problem (or with the datum {y, By, B1}).
Now we look at the X;, for £ > 2. It is in fact of the form

Xy = Lp,B,(Bk) +

where the dots represent the terms only depending on B; with ¢ < k.

We remark that if rank(Lpg, g,) = n, i.e., Lg, p, is of full rank, then we
can find a sequence { By }r>2 which solves the equations where By, has to be
found before Bjy;.

However, this does not ensure the convergence of the series Y o~ = B ck
which is necessary for ® being holomorphic locally around ¢ = 0. We will
discuss of this problem later.
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We remark that if rank(Lg, 5,) < n, this gives a linear relation between
the quantities Xj. Precisely, By can be eliminated from some linear combi-
nation of the right hand side of (3.4) to yield an equation free of By, i.e.
only depending on By, Bi, ..., Bi_1. Remark that we consider Bs, Bs, ...,
as a series of information where Bj_; is known before By,. When k = 2, this
gives concrete necessary conditions on ¢, and this is exactly how N. Nikolov,
P. Pflug and P. J. Thomas obtained necessary conditions, even though they
might do it implicitly.

In the case where rank(Lp, g,) < n, some quantities of X; do not involve

By, for example, (p%’”d"*l)(O). It is natural to consider the next derivatives,

for example, @Slﬂd")(()) until it depends on By but not By,;. By this way,
we in fact replace Lp, p, by a new map Lp, p, B, Where B, participates in
the definition of Lp, g, B, but no other By for k£ > 3. The new map Lp, p, B,
must be of full rank.

But it always remains the problem of convergence of Y 7~ %C kTt turns
out not to be too difficult: if we can find a solution {By} of the form where
By, has nonzero entries in the last row only, the convergence is ensured, since
the sequence By will be generated by a kind of recurrent relation, and we
can estimate the norms of its terms.

To do this, we have to find a suitable Bj so that the restriction of Lp, p, 5,
to the subspace of C™™ composed of matrices with nonzero entries in the last
row only is of full rank, i.e., equal to n.

The proof will then be mainly technical and of course, lengthy.

3.7 Main results

Readers are referred to Conclusion.
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Conclusion

The following are the main results in the thesis with the same numbering.

Theorem 1.7 Let X be a complex manifold which contains an entire curve,
i.e. there exists a non-constant holomorphic curve f: C — X. Then both
C x X and C* x X are not of E—limit type for any hermitian metric £ on
C x X or C* x X respectively.

Proposition 2.11 Let ¢ € Hol(w,G,), where w is a neighborhood of
a € D. Let A; be as in (2.1). Then the following assertions are equivalent:

(a) There exists w’ C D a neighborhood of @ and ® € Hol(w’, §2,,) such that

WO(D:QDJCI)(O):AM

(b) The map ¢ verifies

d" Py

dtk ()‘) = O((C - a)dmj_k(Bj))7 0<k< m; — L1 <j<s, (38)

where the d; are as in Definition 2.6.

(¢) There exists w’ C D a neighborhood of @ and ® € Hol(w',,,) such that

mo® = &0) = A; and ®(() is cyclic for ¢ € W'\ {a}.

Theorem 2.20 Letn e N*, n <5, Ay,...,Av € M, a1,...,ay € D and
¢ € Hol(D, G,,).

Then there exists ® € Hol(D, Q,,) satisfying ¢ = m o ® and ®(¢;) = A,
for j =1,..., N if and only if ¢ satisfies the conditions (3.8) for each j, with
Aj instead of A; and «; instead of o, for 1 < j < N.

Furthermore, the values ®(¢) may be chosen as cyclic matrices when

C¢{ag,...,an}.

18



Theorem 3.7 Suppose rank(Lp, p,) = 3. The datum {¢, By, By} is locally
liftable iff the following are verified

(1) »1(0) = 2(0) = 3(0) = ¢4(0) =0,

i ByByB
(i) @4(0) = o1(BL). @4(0) = ByBy. (o) = D0l
ByByBB
() ¢4(0) = 0, gh(0) = P2PE P _ g
) " 0 B B B B
i) PO g0 = PPPB g,

Theorem 3.8 Suppose rank(Lp, p,) = 4. The datum {p, By, By} is locally
liftable iff the following are verified

(1) 1(0) = ¥2(0) = ¢3(0) = 4(0) =0,

11 ByByB
(i) ©1(0) = o1(Ba), 4(0) = BoBy, ¢4(0) = 22,
ByByB.B
(it}) ©(0) =0, @}(0) = ===+ =0.

Theorem 3.9 Suppose rank(Lp, p,) = 2. The datum {¢, By, By} is locally
liftable iff the following are verified

(i) #1(0)
(i) 1(0) = o1(B1), ¢5(0) = BoBy,
(iif) ¢5(0)
(iv) #5(0)

b21 b23

1 — BoBoBi1B1 _
(¥) @i(0) = BBy gt 2t

=0,

(Vi) SOZ/(()) = BB BBy,

111

(vii) 220 — 0@l (0) = 204(B1) — 2a05(By).
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Theorem 3.10 Suppose rank(Lpg, g,) = 3. The datum {¢, By, By} is lo-
cally liftable iff the following are verified

(1) 1(0) = ©2(0) = 3(0) = ¢4(0) = 0,

(ii) ¢1(0) = 01(B1), ¥5(0) = BBy,
(i) ¢5(0) = ¢4(0) =0,
(iv) ¢5(0) = BoB1By,
ba1 b
! _ BoBoBlBl — 21 23
(V) @4(0) - 2 2 b41 b43 9

(vi) ¢4'(0) + 3rp5(0) = BoB1B1 By + 6k09(B1).

Theorem 3.11 Suppose rank(Lpg, g,) = 4. The datum {¢, By, By} is lo-
cally liftable iff the following are verified

(i) 1(0) = ©2(0) = ¢3(0) = ¢4(0) = 0,

(ii) 90/1(O> = 01(31)7 90/2(0) = By By,
(iii) ¢5(0) = ¢4(0) =0,
(iv) ¢5(0) = BoB1 By,
b b
1 _ BoBoBlBl — 21 23
(V) ¢4(0) = Bl — |2

Theorem 3.12 In the case where rank(Lpg, g,) = 2 and {b11, b12, ba1, baa} #
{0} the datum {¢, By, B1} is locally liftable iff the following are verified

() ( ) _W(BO):(O7O7OvO)a
(11) ( ) (0’1(31),B0B1,0,0) = (O'I(Bl),—b43,0,0),
(iii) ¢45(0) = ByBy By,
(iv) #1(0) =
#3(0)
() 25 = 205(B) = (b + bax) 410 - 202(B1)>
(4)
i) £ O ooy = 72 (gh0) 20:(8By) ).
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Theorem 3.13 In the case where rank(Lp, g,) = 2 and {b11, b12, ba1, baa} =
{0} the datum {¢, By, B;} is locally liftable iff the following are verified

(1) ( ) = 7T<BO) (0707070)7
(ii) ¢'(0) = (01(B1), BoB1,0,0) = (01(B1), —ba3, 0,0),
(iii) %(0) = ByB1 By,
(iv) ¢7(0) =
#4/(0) so§4><o> _
V) =3=="1 =0

Theorem 3.14 Ifrank(Lp, p,) = 3, the datum {¢, By, By } is locally liftable
iff the following are verified

(i) 1(0) = ¢2(0) = ¢3(0) = ¢4(0) =0,
(ii) ¢1(0) = 01(B1), ¥5(0) = BoB1 = —bus,
(iii) ¢5(0) = ¢4(0) =0
(iv) ¢35(0) = BoB1By, ¢4(0) =0,
(v) 4(0) = BoB1B1 B,
) 2 ol <2 2 e

— 2%0’3(31) + 2H(b11 + bQQ)O'Q(Bl).

Theorem 3.15 The datum {p, By, By} is locally liftable iff the following
are verified

(i) #(0) = 7(Bo),
(ii) ¢'(0) = Dmp, By where Dmp, is the total derivative of m at By,

(111) QOg(O) = BQBlBl, QOZ(O) = O QO///(O) = BQBlBlBl.
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