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LJ1 cam on

Dau tién, toi chan thanh cdm on hai thay dong huéng dan 1a GS Dd Diic
Théi va GS Pascal J. Thomas da dong y huéng dan toi thyc hién luan an,
nhat 1a trong diéu kién kinh phi kh6 khin va ciing nhu thi tuc hanh chinh
phtic tap (do két hop ca hai thi tuc hanh chinh gitta Viet Nam va Phap).
Nghién cttu trong diéu kién nhu vay, vé co ban 1a vat va cho ca hai thay 1an
hoc tro. Cac ¥ tudng co ban clia cac két qua trong luan an déu duge hinh
thanh trong thoi gian ngan ¢ Phap, bao gom 1,5 + 3 + 3 thang & Phap (tic
gom 3 lan sang Phép theo kinh phi do Phép tai trg, va chli yéu nguon tai trg
do6 1a do GS Pascal J. Thomas tim kiém ciing nhit lo 1ang cac thi tuc hanh
chinh). Chinh vi vay, khi dat dugc bat ky két qua nao trong qué trinh toi
déu cAm thay rat biét on cac thay da tao diéu kién lam viéc trong thoi gian
do.

T6i cting chan thanh cam on GS Gerd Dethloff va GS Ha Huy Khoai da
dong y phan bién luan an. Toi ciing xin chan thanh caAm on GS Nguyén Quang
Diéu, PGS Nguyén Viéet Diing, PGS Tran Van Tan, PGS Si Dic Quang, TS
Ninh Van Thu, TS Pham Ditc Thoan da dong ¥ tham gia hoi dong bao vé
cap bo mon; GS Le Mau Hai, PGS Ha Huy Vui, PGS Pham Hoang Hiép,
PGS Jasmin Raissy da dong ¥ tham dy hoi dong bao vé cap truong cho luan
an cua toi.

Cudi cling, két qué cong viec nay khong thé ra doi néu khong c6 su gitp
d6 va chia sé trong cong viéc gidng day ctia cdc dong nghiép & khoa Toén,
su chu déo clia gia dinh, sy ing ho tinh than tit cac ban be.






Danh muc ky hiéu

e (), : Qua cau pho don vi, tap hop gom tat ca cac ma tran vuong cap n
c6 ban kinh pho bé hon 1.

e C™" hoac C™ ™ : Tap cac ma tran ¢cd m x n véi hée s6 phiic.

e Cho ma tran A = (a;;). Khi d6 a;; duge goi la hé s6 ctia A hodc hé so
dau vao ctia A. Day du hon la: a;; 1a hé s6 (dau vao) & vi tri (i,j) cla

A.
e G, : da dia dbi xiing héa chieu n.

e 0, : Da thic d6i xiing so cap thit i. Khi viét o;(M) v6i M € C™" ta
hiéu theo hai cach: o;(M) 1a da thiic ddi xitng so cap thit i clia cac gia
tri rieng ctia M. Cach thit hai 1a: o;(M) 1a he s6 bac n — i ctia da thiic
d#ic trung ctia M (sai khac dau).

e Tr: Vét clia ma tran vuong, hodc vét clia tir dong cau tuyén tinh.






Mdé& dau

1. Ly do chon dé tai

Céac van de dugde ban trong luan an nay deu 1 sy tiép ndi cic cong trinh
nghién cttu cia hai thay huéng dan ctia nghién ctu sinh 13 GS. TSKH D6
Ditc Thai va GS. TSKH Pascal J. Thomas. Luan an gom 3 chuong.

Chuong 1 ban vé cac da tap phtic khong thuoc kiéu F—giéi han. Day 13
khai niém do ba tac gid D6 Dic Thai, Mai Anh Diic va Ninh Van Thu dat ra
trong bai bao [7] nham nghién cttu cau hoéi vé tinh Zaleman ciia cac da tap
phtc, duge dit ra trong bai bao ctia ba tac gia D6 Ditc Thai, Pham Nguyén
Thu Trang va Pham Dinh Huong [8]. Céc khai niém va van dé nay déu lien
quan gan gii t6i tinh (phi) chuan tic clia cdc ho anh xa chinh hinh, tic 1a
cling gan gili v6i tinh hyperbolic va cac tinh chat duge quan tam ciia cac da
tap phic.

Chuong 2 va chuong 3 ban vé bai toan nang anh xa chinh hinh tir da dia
doi xtting héa lén qua cau pho. Day la bai toan phai sinh tit Iy thuyét noi
suy Nevanlinna-Pick pho, mot chit dé ma GS. Pascal J. Thomas nghién ciiu
nhiéu nam. Qua cau pho €, 1a tap cac ma tran vuong phic cadp n ma cé ban
kinh phd bé hon 1. Bai toan noi suy trong qua cau phd duge nhiéu ngudi
quan tam la vi n6 ¢6 c¢o sé thuce tién trong ky thuat, ma ban than nghién ctu
sinh chua tim hicu duge ki cang. Ta c6 thé tham khéo tong quan rat thi vi
cia GS. N. Young [23] cho nhiing ting dung dé.

Tuy nhién, qua cau pho la déi tugng tuong doéi kho nghien citu: vé mit
hinh hoc, né khong hé dep, vé mit gidi tich ham ciing khong kha hon bao
nhiéu. Day la mot mién trong C™ va khong bi chan. Cac k¥ thuat ho chuan
tac khong chay duge trong khong gian nay. Quang nam 2000, hai tac gia J.
Agler va N. Young da dé ra nghién citu mot mién phai sinh tit qua cau phd,
d6 1a da dia d6i xiing héa G,,. Ta c6 thé xem bai béo [1] cho déi tugng nay.

Ta c6 thé hiéu da dia déi xtng hoéa G, 1a tap hop ghi chép lai phd cta
cdc ma tran "mot cach lien tuc". Day 1a mot tap bi chan va 1a tap siéu 1oi
theo nghia giai tich phitc cac mién. Tiic 1a tap hgp nay dem lai hi vong réng
bai toan noi suy sé c6 nhiéu tién trién hon.

Cach lam cua J. Agler va N. Young la thay vi xét bai toan ndi suy trong
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qué cau pho thi ta chiéu xudng da dia dbi xtng héa va xét bai toan noi suy
trong d6, va sau d6 tim cach quay trd lai qua cau pho, ma sau nay trong
luan 4n goi 1a bai toan nang tit da dia d6i xiing hoa.

Thue té thi qua cau pho va da dia déi xiing héa da thu hat duge rat nhicu
nha nghién citu 6 khap noi, dic biét 1a cac nha toan hoc Ba Lan. J. Agler va
N. Young xuat phat nghién citu luon 1a tit quan diém 1y thuyét toan ti. Tuy
nhién, v6i bai toan ndi suy trong qua cau phd (hay bai toan Nevanlinna-Pick
pho) thi phuong phap toan tit néi chung gip tré ngai dang ké va khé tién
trién. Cac nha toan hoc Ba Lan thuoc phéi giai tich mién nhin nhan bai
toan theo kiéu gidi tich phiic mién, va ho dat duge nhicu két qua. Thay dong
huéng dan ciia toi ciing dong gop dude it nhiéu két qua va cd quan diem
thuan tdy giai tich phic dé giadi quyét bai toan noi suy nay. Bai toan nang
anh xa tit da dia déi xting héa 1a bai toan tim diéu kién can va di dé cé the
nang mot dia chinh hinh trong G, lén €,,. Day la bai toan thi vi va c6 thé
dem lai mot lugng ting dung dang ké néu n6é duge giai quyét mot cach tron
ven.

V6i nhitng dong co nhu thé, ching t6i da c6 gang nghién citu theo hudéng
do6, va hi vong cac két qua trinh bay trong luan an gitp lam sang té thém
phan nao cac cau héi dude ban & trén.

2. Muc dich nghién ctu
Muc dich ctia luan an gom:

(i) M6 rong két qué ctia ba tac gid D6 Diic Thai, Mai Anh Dic va Ninh
Van Thu [7].

(ii) Dua ra cong thitc nang cu thé cho bai toan nang 4nh xa khong c6 diéu
kién dao ham véi chieu n < 5 va chi ra phuong phap nang ma tac gia
Pascal J. Thomas dwa ra khong hoat dong véi n > 6.

(iii) Nghién cttu bai todn nang anh xa véi diéu kién dao ham bac 1 cho trude

trong chiéu n = 4. Tim cach dua ra dang diéu kién "dé st dung" hon
so v6i ba tac gid truée dé 1a N. Nikolov, P. Pflug va P. J. Thomas [13].

3. Déi tuwong va pham vi nghién citu
D6i tugng nghién ctu clia luan an 1a cac khong gian khong thuoc kieu
E—gi6i han, qua cau phd va da dia déi xiing hoa.

4. Phuong phap nghién ctu
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Phuong phap nghién cttu trong luan an la khéo sat ky cac 1y luan cua
cac tac gia truée d6 nhu ctia ba tac gid Dé Diic Thai, Mai Anh Diic va Ninh
Van Thu, ho#ic ba tac gia N. Nikolov, P. Pflug va P. J. Thomas; roi tir d6
tim cach mé rong phuong phap cua ho.

Trit chuong 1, luan 4n thién vé tinh todn va phuong phap tinh toan. Vi
thé luan an st dung nhiéu céc cong cu co ban clia giai tich c6 dién nhu chudi,
ban kinh chudi hoi tu, v.v.; dai s6 tuyén tinh vé ma tran (gia tri riéng, vector
rieng, da thic diac trung, dang Jordan, dang hitu ty v.v.), hé phuong trinh
va cach tuyén tinh hoa céc da thiic v.v.; kién thiic co ban vé da thic noi suy
(cong thiic noi suy Newton va Hermite) v.v.

5. Két cdu luan an
Vé co ban, luan an ngoai cac muc theo quy dinh thi gom 3 chuong chinh:

(i) Chuong 1 ban vé cac khong gian khong thudc kiéu E—gidi han, hay cac
khong gian khong c6 cac duong cong Brody gidi han.

(ii) Chuong 2 nghién cttu bai toan nang dnh xa khong c¢6 diéu kién dao ham
v6i cong thitc nang cu thé trong truong hop chiéu n < 5 va chi ra phan
vi du néi rang cong thitc nang d6 khong hoat dong khi chiéu n > 6.

(iii) Chuong 3 nghién cttu bai todn nang anh xa véi dao ham bac 1 cho truée
& chiéu n = 4.
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Téng quan

Nhu da néi trong phan Mé dau, luan 4n gom 3 chuong chinh, moi chuong
ban vé mot bai toan cu thé thuoc chi yéu vao hai chii dé: cac duong cong
Brody gi6i han va cac bai toan nang tit da dia doi xting héa (c6 va khong c6
diéu kien dao ham). Chtng toi sé trinh bay chi tiét thanh hai muc nhu sau.

Cac duong cong Brody gidéi han

Duong cong Brody gidi han 1a khéi niém duge dat ra bdéi ba tac gid Do
Ditc Thai, Mai Anh Dtic va Ninh Van Thu trong bai béo [7] lién quan gan
giii t6i cac ho chuan tic hodc phi chuan tic céc anh xa chinh hinh. Cu thé
hon, c6 1& cac tac gia nay xudt phat tit dinh 1y noi tiéng sau ctia Zalcman
nam 1975 [24, 25].

Dinh ly Zaleman Cho {f;: D — Pl};il la mot ho cdac ham phan hinh.
Néu ho nay la khong chuan tdc déi vdi metric cau cia P thi ta cd thé trich
ra duge mot day con 10i tham s6 héa afin lai dé thu duge mot day con hoi tu
tdi mot ham nguyén khdc hang cé dao ham cau bi chan.

Cu thé, ton tai diy con {firhist diém zp € D, diy z, € D va céc s6
duong pr — 07 sao cho day ham

Fin (2 + o) = 9(C)

hoi tu déu trén cac tap compact trong C, trong dé ¢ 13 ham phan hinh khac
hing va ¢ c6 thé duge chon sao cho dao ham cau

g (=) B
g'(z) = T+ 921 < ¢"(0) =

Ham ¢ nhu trong dinh 1y Zalecman c6 dao ham cau bi chin, va ta goi
no la mot duong cong Brody, theo tén goi cia nha Toan hoc R. Brody tiu

bai béo ndi tiéng ctia ong [5] vé tieu chuan tinh hyperbolic clia da tap phiic

13
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compact. Cling chinh tit bai bdo dé6 ciia R. Brody, duong cong Brody ciling la
mot chi dé duge mot s6 lugng cac nha Toan hoc quan tam (nhu J. Duval, A.
Eremenko, M. Tsukamoto, J. Winkelmann v.v.) va dem t6i mot s6 két qua
rat tha vi.

Ba tac gid D6 Ditc Thai, Mai Anh Diic va Ninh Van Thu [7] ¢6 1& xuat
phéat tu dinh 1y Zalcman va dat ra khai niém khong gian loai E— gi6i han
nham muc dich tim ¥y tudng gidi quyét gia thuyét vé tinh Zaleman ctia khong
gian C" duge dit ra trong bai bao ba tac gia D6 Diic Thai, Pham Nguyén
Thu Trang, Pham Dinh Huong [8]. Ta trinh bay so qua céc dinh nghia.

Dinh nghia khong gian loai £F—gidi han Cho X la mot da tap phic
dugc trang by mot metric Hermit E. Da tap phic X duge goi la thuoc loas
E-gidi han néu X théa man cic dieu sau:

Vi méi ho khong chuan tic F C Hol(A, X), trong dé A la mot mién
trong C va Hol(A, X) la tap tat ca cac anh xa chinh hinh ti A vao X, sao
cho F khong chita cic day phan ky compact, ton tai cic day {p;} C A vdi
p; = po € A khij — oo, {f;} C F.{p;} TR wvdip; >0 vap; — 0 khi
] — 00 sao cho

9;(&) = fi(p; + p;i€), € € C,

hoi tu déu trén cdc tap compact cia C tdi mot duong cong E-Brody khdc
hing g : C — X.

Khai niem "phan k¥ compact" chi 14 mot diéu kién topo don gidn va can
thiét vi tinh huéng & day khac vé6i dinh 1y Zalecman 1a khong gian dich X
khong con la tap compact nhu duong thing xa anh P

Dinh nghia khong gian Zalcman PDa tap phic X duoc goi la khong gian
Zaleman néu X théa man dieu sau:

Véi méi mién Q@ C C™ va vdi mdi ho phi chuan tic F cdc dnh za chinh
hanh ti Q vao X théa man F khong phan ki compact, ton tai mot day cdc
diem {p;} C Q vdip; — po € Q, {f;} T F, {p;} C R vdi p; — 0% sao cho

9;(0) = fi(pj + p;iC), C€C™

hoi tu deu trén cdc tap compact trong C™ tdi mot duong cong nguyén khdc
hing g: C™ — X.

Su khac biet gifta hai khai niém trén nam & rang buoc ddi véi dudng cong
g : mot cai c6 dao ham bi chan, mot cai khong c6 dieu kién nao ca.

Céc tac gia trong bai bao [8] néu ra gia thuyét vé tinh Zaleman nhu sau:
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Gia thuyét tinh Zalcman Phéi chang C" 14 khong gian Zalcman v6i moi
n>17

Cac tac gid trong bai bao d6 da ching minh duge C! 1 khong gian
Zalcman nho tinh chat dic biet C! = P! — {co}. K§ thuat ching minh kha
don gian: Ham ¢ dude xay dung thong qua gidi han nén mién gia tri ciia né
hoac 14 nim trong C! hogc 1a ndm han trong bién ctia C' (14 mot diém trong
PY). Do g khac hing, nén dic¢u sau khong thé xay ra. Tit ki thuat ching
minh d6 thi ta c6 thé thiy 1a néu bien la da tap hyperbolic thi két qua van
dtng. Nhung rat tiéc, tit n > 2, bién ctia C" trong P" khong con hyperbolic,
nén huéng di dé phai tam dung.

Dé tiép tuc nghién citu bai toan vé tinh Zalcman ctia C*, ba tac gia D&
Duc Thai, Mai Anh Dtc va Ninh Van Thu da dat ra khai niém manh hon
khong gian Zalcman, va chiing minh dugde hai két qua chinh sau.

Dinh 1y 1.6 ctaa [7] C" (n > 2) khong thudc loai E-gidi han vdi moi ham
do dai E trén C".

Dinh 1y 1.7 cua [7] (C*)? khong thudc logi ds%g-gidi han, trong dé dstg
la metric Fubini-Study trén P?(C).

Chiing minh Dinh 1y 1.6 kha don gian, cach lam ctia ba tac gia la tim
mot duong cong khac hang ¢g: C — C* ! va sau d6 1y luan dua trén sy ton
tai duong cong d6. Mat khac, chiing minh dinh ly 1.7 ctia ba tac gia phiic
tap hon va ky thuat.

Duta vao cach chitng minh ctia ba tac gid doi véi dinh 1y 1.6, ching toi
nhan dinh rang sy ton tai duong cong nguyén khac hang trong C* ! 1a cot
yéu va tim cich cai thién lap luan 6 day. Tit d6 chitng minh duge két qua
sau:

Két qua chinh ctia chuong 1 Cho X la da tap phic cé chita mot duong
cong nguyeén, tic la mot duong cong chinh hinh khdac hang f: C — X. Khi
dé, ca hai da tap phite C x X va C* x X déu khong thuoc loai E— gidi han
vdi moi metric Hermit E tuong dng trén C x X va C* x X.

Phuong phép chitng minh & hoan toan co dién. Chiing t6i xay dyng mot
ham chinh hinh tit C vao C nhan cac gia tri va dao ham bac 1 tai céc diém
cho truée, sao cho gia tri va dao ham phai khong c6 rang budc nao ca. Dé lam
duge dieu do, ching toi bat chude hoan toan cach ching minh ctia dinh ly
Mittag-Leffler, d6 1a diing 1y thuyét bé: xay dung cic mam ham dia phuong
va chiing minh cdc mam ham c6 thé dan lai duge nhs déi dong diéu bac 1
clia b6 triet tieu. Tat ca nhitng diéu nay hoan toan c6 thé thuc hien dugc
khi b6 1a nhat quan (tiéng Anh: coherent) va khong gian nam dudi 1a Stein.
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Mot binh luan nhé: E & day 1a metric, tiic manh hon so vé6i két qua dau ciia
ba tac gid. Chiing toi can F 1a metric dé c6 thé 4p dung bat dang thitc tam
giac, tit d6 danh gid dude cac dai lugng mong mudn.

Bai toan nang anh xa tir da dia déi xitng hoa

Bai toan nang anh xa tit da dia ddi xiing hoa 1a bai toan phai sinh ti
cac bai toan noi suy Nevanlinna-Pick va Carathéodory-Fejér, vi thé dau tien
chiing t6i trinh bay so qua dinh nghia va thuat ngit trong 1y thuyét noi suy
nay.

Cho X C C" va'Y C C™ la cac mién. Cho p1,pa, ..., pnx la N diém phan
biét trong X va qq,...,qy 1a N diém trong Y.

Bai toan ndi suy Nevanlinna-Pick Bai todn tim cac dieu kién (can va
di) sao cho ton tai dnh za chinh hinh f: X — Y sao cho f(p;)) = ¢; vdi
1 <1 < N dugc goi la bat toan noi suy Nevanlinna-Pick.

Ta c6 thé goi cac diém p; 1a cac diém noi suy hodc cac moc noi suy; con
cac gia tri ¢; la cac gia tri nov suy.

Bai toan noi suy Carathéodory-Fejér Trong bai toan noi suy Nevanlinna-
Pick, néu ta doi héi them dieu kién vé dao ham cia f tai cdc moc noi suy,
vi du f'(p;), f"(pi), v.v. nhan cdc gid tri cu thé, thy bai todn dé duoc goi la
bai toan nor suy Carathéodory-Fejér.

Ta dua ra hai vi du vé bai toan noi suy kiéu nay.

Bai toan noi suy cb dién Vdi X =Y =D dia don vi mé trong C, bai
toan noi suy Nevanlinna-Pick (hodc Carathéodory-Fejér ) tuong ting dugc goi
lo bai todn noi suy Nevanlinna-Pick (t.i. Carathéodory-Fejér) co
dién da duoc gidi quyét tron ven bdi Rolf Nevanlinna (1919) va Georg Pick
(1916). Cu thé la cho M1, ..., AN, 21,...,28 €D, (trong dé Ny, ..., Ay phan
biét) khi dé ton tai mot ham chinh hinh f: D — D sao cho f(\;) = z; vdi
1 <¢ < N khi va chi khi ma tran Pick

( 1-— Ejzi >
1— >‘j)‘i 1<i,j<N
la nia xdc dinh duong.

Bai toan noi suy co dién khong nhitng dude giai quyét bing cac phuong
phép kha don gian nhu cia R. Nevanlinna va G. Pick (cac ching minh nay
c¢6 thé tim thdy & cudn sich ctia J. B. Garnett[9]), ma con dugc nhin va gidi
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quyét rat thanh cong tit phuong phap 1y thuyét toan ti, khdi dau béi D.
Sarason [18]. Chinh tit bai bao ctia D. Sarason, 1y thuyét noi suy Nevanlina-
Pick (va cac bai toan lién quan) c6 thém mot bude tién dai theo kicéu Iy
thuyét toan tit va nhiéu bai toan dugc giai quyét theo hudéng nay.

Bai toan noi suy hieén nay dudc quan tam la bai todn noi suy pho ma
phat biéu ctia né la nhu sau.

Bai toan noi suy phd X =D vaY = Q, qud cau phé (tic la tap cac ma
tran vuong M € C™™ ¢6 ban kinh pho nhé hon 1). Bai todn nay duoc goi la
bai toan Nevanlinna-Pick (t.i. Carathéodory-Fejér) pho.

Bai toan nay dugc nhiéu nguoi quan tam la vi n6 c6 co s thuc té 1a bai
toan xuat phéat tit ly thuyét diéu khién manh (tiéng Anh: Robust control
theory), ta c6 thé tham khao bai tong quan ctia N. Young [23]. Tuy vay, bai
toan noi suy pho la bai toan rat kho so véi nhitng bai toan trude do (ndi suy
trong dia don vi, hodc qua cau don vi trong khong gian dinh chuan). Qua
cau pho €, khong c¢6 hinh hoc dep. N6 1a mién khong bi chan, khong phai
tap 16i. Phuong phap 1y thuyét toan ti cit [3] 4p dung trén qua cau pho dat
t6i gidi han va khé dua ra dude cac diéu kién c6 thé tinh toan dugce.

Quang nam 2000, J. Agler va N. Young [1] dé xuat mot huéng lam mdéi
tiép can t6i bai toan nay véi muc dich c¢6 thé dua ra cac diéu kien tinh toan
rd rang hon. Cu thé 1a hai nha toan hoc dua da dia doi zing héa, k¥ hieu la
Gy, ¢6 dinh nghia nhu sau.

V6i moi ma tran M € Q,,, ta xét da thic dic trung

Por(t) = det(M — 1) = i(—l)"iai(M)ti.

7(M) = (01(M),09(M), ... ,0,(M))

G, = ().

Anh xa 7 dude goi 1a phép chiéu tit Q, len G, (hoac anh za doi xing héa).
o;(M) ciing c6 thé dinh nghia 1 da thitc d6i xiing so cap thit i cia cac gia tri
rieng ctia M. Da dia déi xting héa G,, c6 thé coi 1a mot cach ghi chép thong
tin pho clia ma tran mot cach lien tuc (hogc chinh hinh).

Y tudng clia hai tac gid la chuyén déi bai toan Nevanlinna-Pick phd vé
bai toan noi suy trong da dia déi xiing héa, véi hi vong rang: da dia déi xing
héa 1a mién bi chin, sieu 16i va hyperbolic v.v. thi c6 thé dé tiép can hon
so v6i qua cau pho. Tuy vay, moi chuyén van con rat kho khin, ngay ca bai
toan noi suy tit 3 diém tré lén rat hiém khi duge dé cap.
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Gan day, nhém cac nha todn hoc phai Ba Lan nhu Jarnicki, Zwonek,
Pflug, Edigarian, Kosinski, Warzawski v.v. va cac nha toan hoc khac nhu N.
Nikolov, P. J. Thomas, Nguyén Van Trao v.v. da tich cyc sit dung cong cu
giai tich phitc dé nghién cttu bai todn nodi suy va ciing dat duge mot sb két
qua. Diéu nay 1a méi 1a vi J. Agler va N. Young xuat phat diém luon dé cap
bai toan noi suy dudi cach tiép can toan ti, va cach tiép can kiéu nay gan
nhu khong thé tién trién véi bai toan Nevanlinna-Pick pho. S6 lugng bai bao
nghien ctu bai toan Nevanlinna-Pick phd theo huéng nay len t6i vai chuc
bai, ching t6 huéng di theo kiéu giai tich phic thuyét phuc duge nhicu nha
toan hoc.

Mot cach ti nhien, néu chiing ta tiép can bai toan noi suy pho bang cach
chiéu qua cau pho €, xudéng G,, thi sé phai c6 mot qua trinh nguge lai: di
tt G,, len ©,,. Bai toan d6 sé dugc goi 1a bai toan nang tir da dia ddi xing
héa G, cht dé cia hai chuong 2 va 3 ctia luan an nay.

Phat biéu bai toan nang Cho By € Q, va ¢: D — G,, la mot dia chinh
hinh c6 ©(0) = w(By). Tim dieu kién can va di dé ta c6 thé tim thay mot
anh za chinh hinh ®: w — Q, vdi ®(0) = By va mo P = ¢ trong dé w la mot
lan can ciua 0 € D?

Anh xa ® nhu thé duge goi 1 dnh za nang cia ¢ va khi d6 ¢ duge noéi
& nang duge (dia phuong). Ta goi bai toan nay la bai todn nang tng v6i bai
toan Nevanlinna-Pick pho hoac bai todn nang tu da dia doi xing héa khong
c6 diéu kién dao ham.

Néu ta doi héi them @(0) = By v6i By € C™" 1a ma tran cho trude, thi
bai toan tré thanh bai todn nang tt da dia doi zing héa vdi dao ham bac
nhat cho trudc.

Ta c6 nhan xét nho 1a: Néu ® 1a 4nh xa nang thi C~1- @ - C ciing la anh
xa nang véi C' la ma tran kha nghich, hoac mot ham chinh hinh nhan gia tri
ma tran kha nghich. Chinh vi thé, ta luon c6 thé coi By = ®(0) la ma tran
¢ dang Jordan dé cho tién 1y luan.

Chuang toi trinh bay so luge cac nghién citu vé bai toan nang trong mot
muc tiép sau day.

So ludc cac nghién citu vé bai toan nang khong cé dieu
kién dao ham

Ban than J. Agler va N. Young la nhiing nguoi dau tién nghién ctu bai
toan nang [1], nhung két qua ctia ho dat dudc la rat so luge, cu the la véi
chiéu n = 2. Sau d6 S. Petrovic [16] xét bai toan véi chitu n = 3 cht yéu
nham tra 10i cau hoéi ctia Bercovici chit khong chii dich nghién cttu bai toan
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nang. Thyc té thi NCS va thay dong huéng dan Pascal J. Thomas chi biét
t61 bai bao ctia S. Petrovic sau khi hoan thanh bai béo [15].

Bai toan nay dat dugce tién bo ro rang hon véi bai bao ctia P. J. Thomas
va Nguyén Van Trao [19], trong d6 hai tac gid nay nghién citu bai toan nang
khong c6 dao ham v6i ma tran gid tri noi suy By la liy linh (diéu nay cting
tuong duong véi diéu kien By c6 diing mot gia tri rieng, nhd bién doi Mobius).
Ciing chinh tir bai bao nay ma ching toi trinh bay dugc dieu kién can dia
phuong cho bai toan nang & hinh thiic ré rang nhu sau.

Diéu kién can va da cho bai toan nang khéng c6 dao ham, Ménh dé
2.11 cta ludn an Cho ¢ € Hol(w,G,,), vdi w la mot lan can cia o € D.
Cho Ay nhu trong (2.1). Cdc khang dinh sau la tuong duong:

(a) Ton tai w' C D mot lan cin cia o va ® € Hol(w',Q,) sao cho

qu):(p,q)(O):Al,

(b) Anh za © thda man

d* Py

dtk <>\J> = O((C - O[)d7nj7k(Bj))7 0<k< mj; — 1,1< .] <s, (1)

trong do d; nhu trong Dinh nghia 2.10.
(c) Ton tai W' C D mot lan cin cia o va ® € Hol(w', ) sao cho

To®d = ®0)=A; va ®(() cyclic vdi ¢ € W'\ {a}.

Trong nay, chiing to6i xin phép khong trinh bay chi tiét dinh nghia cta
céc sb d;, ta chi can hiéu don gidn 1a cac s6 d; 1a cac s6 diic trung cho dang
Jordan ctia ma tran A; (ciing chinh 1a By nhu da ban 6 trén, nhung vi 1y do
triung ky hiéu nén tai d6 ching toi thay doi chit cho tién trinh bay).

Nhu vay, vé mit dia phuong, bai todn nang khong c6 dao ham da duge
gidi quyét tron ven. Mot cach tuy nhién, bai todn nang toan cuc la déi tuong
nghién ciu tiép theo.

Téac gia P. J. Thomas trong qua trinh nghién citu da tim ra mot cong
thitc nang duong nhu hiéu qua dé tan cong bai toan nay. Trude khi trinh bay
cong thic ctia P. J. Thomas, chiing t6i nhac lai chat 1a: Anh xa ® la anh xa
nang cua ¢ khi va chi khi v6i méi ¢, da thic dac trung cia ®(¢) cé cac hé
s6 tring véi cac toa do ciia p(¢) (sai khac dau). Cong thiic nang ctia P. J.
Thomas la nhu sau:
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901,1(0 f2(€) 0 0
0 @2,2(() . :
2= o faQ) 0|
0 0 cee Qpn—l,n—l(C) fn(C)
©n,1 ©n,2 e Pn,n—1 @n,n
trong d6 fa, ..., fn dude chon ¢b dinh, ©11,...,@n_1,-1 12 cac ham can tim.
Khi do
AP .
g = 2 Tl o)
Hk:€+1 fk(()
va

Pnn = —An_lp[ap(g)](%,l, e Pne1n-1,0) =01 — (P11 Pnoin1).

Viéc dé xuat nay ctia P. J. Thomas 1a do kinh nghiém va tryc gidc cia
tac gia lam viéc vé van deé noi suy (ban than GS. P. J. Thomas la chuyéen gia
veé Iy thuyét noi suy). Cong thiic nang ¢ trén khi thay vao da thitc dic trung
det(tI — ®(¢)) dem lai hinh thic y hét cong thic noi suy Newton, va vi thé
tac gid da hy vong rang cong thiic nay sé cho phép giai quyét bai toan nang
toan cuc.

C6 mot 1y do nita khién P. J. Thomas quan tam t6i cong thiic nang kiéu
nhu nay 1a né cho phép giai quyét cd bai toan nang tai nhiéu diém, va né
phuc vu ci dong co nghién cttu tinh lién tuc clia ham Lempert trong qua cau
pho.

Tuy nhién, ching t6i chi ra réing cong thic nang dé chi cé thé hoat dong
d chiéu n <5 va that bai ¢ chiéu n > 6. Day ciing 1a két qua chinh trong
chuong 2 ciia luan an, dong thoi duge cong bo & bai béo [15].

Nhan tién, ciing phai néi 1a két qua ly thuyét vé diéu kién can va du clia
chuong nay déu bi pht bdi két qué ctia R. Andrist [2], mot nha Toan hoc
Thuy Si. R. Andrist da chiing minh dugc diéu kién can va di dia phuong ciia
ching toi dua ra ciing 1a diéu kién can va du toan cuc bang cach st dung 1y
thuyét Oka-Gromov-Forstneri¢ (con goi 1a 1§ thuyét dong luan chinh hinh).
Day 1a 1y thuyét kho va vugt qua kha ning hiéu biét ctia NCS, nén ching
toi khong thé binh luan gi them. Tuy nhién, két qua ma ching toi dat dugc
van c6 gia tri nhat dinh va c6 thé dang dude bao 1a vi cac két qua nay dua
ra cong thitc nang cu thé.

Ciing do két qua ctia R. Andrist, bai toan nang khong c6 diéu kién dao
ham vé mat 1y thuyét da dude giai quyét tron ven. Vi thé, viec tiép tuc trién
khai nghién citu sang bai toan nang c6 diéu kien dao ham 1a tu nhién.
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So lugc cac nghién ciitu vé bai toan nang cé diéu kién
dao ham bac nhat

Cac két qua dau tién veé bai toan nang tit da dia dbi xing hoa c6 dicu
kien dao ham thuoc vé A. N. Huang, S. A. M. Marcantognini, N. Young nam
2006 [12] va N. Nikolov, P. Pflug, P. J. Thomas nam 2011 [13].

Huang, Marcantognini v& Young chitng minh dudce rang néu gia tri noi
suy By la cyclic, thi ta luon nang duge anh xa ¢. Ta c6 thé hiéu ma tran
cyclic theo ba cach nhu thé nay:

e Ma tran By la cyclic néu dang chinh tac hitu ty ctia né chi c6 mot khéi
duy nhat.

e Ma tran B, la cyclic néu, véi mdi gia tri rieng A ctia By, chi ¢6 ding
mot khoi Jordan tng véi .

e Ma tran By la cyclic néu By la diém chinh quy (theo nghia gidi tich)
ctia anh xa déi xing hoéa 7: Q, — G,,.

Nhu vay, néu By khong 1a diém ky di (theo nghia anh xa kha vi), thi
khong c6 thém diéu kien dé c6 thé nang dudc ¢ (ngoai dicu kién hién nhién
7(Bo) = (0) va D1, (B1) = '(0)).

Bai bao thit hai duge néu & trén nghién cttu tinh huéng ma By 1a ma tran
phi-cyclic & chiéu n < 3. Cach lam ciia cac tac gid vé co ban 1a dy dodn mot
cong thiic nang giong nhu cong thitc nang duge dé xuat béi P. J. Thomas ma
da ban & trén, roi sau do thay vao cong thitc nang vio da thic dic trung dé
tinh toan va chinh sita cdc gia tri dau vao clia cong thitc nang. Chinh cach
lam nhu vay khién cho cac tac gia chi c6 thé giai quyét bai toan trong trudng
hop chiéu n < 3, thit hai 13 cach lam d6 c6 han ché vé hinh thitc trinh bay
diéu kién can va dt. Chinh vi thé, thay dong huéng dan P. J. Thomas da
yéu cau NCS khéo sat bai bai d6 va tim cach lam 16 hon ban chat cac dieu
kién dugc néu ra trong bai bao do.

Noi dung chuong 3 ctia luan an trinh bay nghién cttu vé bai toan nang
tit da dia d6i xitng héa c6 diéu kien dao ham bac nhat & chiéu n = 4. Quan
diém ctia ching t6i trong viéc tiép can bai toan nay la nhu sau:

e Phuong phéap nang cii cia P. J. Thomas trong bai toan nang khong c¢6
diéu kien dao ham khong thé hoat dong trong bai toan nang co dicu
kién dao ham.

e Phuong phap bién ddi so cap trong bai bao [13] tim cach dua By va By
ve dang don gian rat khé cé thé tong quat.
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e Phuong phap ciia Huang, Marcantognini va Young [12] chi hoat dong
déi véi By cyclic.

e Cach tiép can mdéi can thong nhat ca hai bai toan nang c¢6 va khong c6
diéu kien dao ham, chit khong coi hai bai toan nay 1a rieng biét.

Chiing t6i chi tap trung nghién citu bai toan nang dia phuong vé6i hy vong
rang néu gidi quyét tron ven bai toan nang dia phuong, thi ta c6 thé gidi
quyét duge bai todn nang toan cuc theo cach lam cia R. Andrist [2].

Sau day ching toi trinh bay so luge cach tiép can bai toan nang c6 dieu
kien dao ham bac nhat trong chiéu n = 4.

Cach tiép can bai toan nang c6 dieu kién dao ham bac
nhat trong chiéu n =4

Dau tien, By luon c6 thé duge quy vé trusng hop liy linh.

Sau do, ching t6i quan niém bai todn nang dnh xa la hé phuong trinh
cac dao ham ciua ¢ tai ( = 0. Cu thé 1a: hai ham chinh hinh 7o ® va ¢ bang
nhau khi va chi khi dao ham moi cap tai ¢ = 0 phai bing nhau.

Ky higu B, = ®#(0) véi k > 0. Dé trinh bay cic phuong trinh ta can
phéi (da) tuyén tinh héa cac ham o,,(M) sao cho

Nhu vay néu viét A1 A, ... Ay, v6i A; 1a cac ma tran vuong cling cap, thi
ta can hiéu do6 la dang da tuyén tinh nhan dudc tuyén tinh héa da thic oy,
ma oy(M) chinh 1a da thitc déi xitng héa thit k clia cac gia tri rieng ctia ma
tran vuong M.

Nhéc lai ¢, = 0,,(®). Nhu vay, dao ham hai vé tai ¢ = 0 6 moi cap k déu
phai bang nhau, va ta thu duge cdc phuong trinh theo By, Bs, ... nhu sau:

1 k!
(k) _
Pm (0) = Z ﬁBﬁBﬂé ...B;j,.
m J1t+jo+..+im=k 71l72b gt
7i=0

Ta tam goi cac phuong trinh nay la phuong trinh nang. T bai toan nang
khong c6 diéu kien dao ham, ta biét raing néu ¢ nang dugce thi

0i(Q) =0(¢%) véi 1 < j <n.

Diéu nay cho ta hé qua.



23

Hé qua Gia sit By € C™" liy linh va dy, ..., d, 1a cac s6 lien két ctia no.
Véi My, M, ..., M, € C"" vad; > k+ 1, ta luén cé

ByBy ... By MiM, ... M, =0.
N—_————

i—k lan

Nho hé qua, cac phuong trinh nang ¢6 dang

m—d,, 1lan dm—1 lan
(im0 (k+dy — 1)\ ByBy... By Bi1B, ... B, By
om ! (m — dp) (dyy — 1!

trong d6 cac dau cham biéu dién cac hang tit cau tao boi B; véi i < k. Néu
ta quan niém By, 13 thong tin biét sau, con cic B; v6i i < k 1a cac thong tin
biét trude (hodic da biét), thi rd rang dang phuong trinh nhu trén chinh 1a
dang phuong trinh tuyén tinh theo Bj. Diéu nay goi v 1a ta nén sap xép céac
phuong trinh tai (3.4) thanh cac nhom n phuong trinh. Cu thé la, dat

gO(k-l-dl—l) (0) S05164—6[2—1) (0)

36’“:{(k+1)(k+12>...(k+d1—1)’(k+1)<k+2)...(k+d2_1)""

(p%k—i—dn—l) (0)
Ukt )k +2). (ktd,—1) [

Khi d6 cac phuong trinh ctia ¢ (3.4) chinh la céc tap Xy, v6i k > 2 (v6i k = 0,
va 1, thi By v By duge cho trude).

Bay gid néu ta xét anh xa tuyén tinh sau Lg, p, : C*" — C" trong d6
toa do thi m clia Lpg, g, (M) véi M € C™™ duge dinh nghia bdi cong thic

m_d]f lan dm—jllf}n
‘BoBy...By BBy ... By M
(m — dy)!(dyy — 1))

Ta goi anh xa Lp, p, nay la danh za tuyén tinh lién két v6i bai toan nang
(hoac véi dit lieu {¢, By, B1}).
Bay gio ta quan sat X v6i £ > 2. Nhan xét

%k - LBO,Bl(Bk) =+ ...
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trong dé cac dau cham bicu thi cho céc hang ti chi phu thuoc vao B; véi
1< k.

Ta nhan xét 1a néu rank(Lp, p,) = n, tic la Lg, p, ¢6 hang cuc dai, thi
ta c6 thé tim thay mot day {Bjy}r>2 1& nghiém ciia cdc phuong trinh trong
d6 By, can phai duge tim truéc By .

Tuy nhién, diéu nay khong ddm béo su hoi tu ctia chudi > -, %C k¥ trong
khi diéu nay la can thiét cho viéc @ chinh hinh trong mot 1an can ctia ¢ = 0.
Ta sé ban vé diéu nay trong mot 1at nita.

Ta nhan xét 1a néu rank(Lg, g,) < n, thi diéu nay cho ta mot quan he
tuyén tinh gitta cac dai luong ctia Xj,. Cu thé 1a By, ¢6 thé bi triét tieu khoi t6
hop tuyén tinh nao dé ciia cic vé phai ctia (3.4) dé san xuat ra cac phuong
trinh khong phu thudc vao By, tic la chi phu thudc vao By, By, ..., By_1.
Nhan xét 1a ta xét B, Bs, ..., nhu la mot chudi ciac thong tin ma trong dé
By,_; 1a thong tin biét trude thong tin By. Khi k = 2, diéu nay cho ta cac
didu kien can cu thé vé ¢, va day chinh la cdch ma cac téac gia trong [13] da
nhan dudce cac diéu kién can.

Trong trudng hop ma rank(Lg, 5,) < n, mot vai dai lugng cia X, khong

c6 sy tham gia ctia By, vi du, c,o?(szrd"*l)(O). Vi thé viec xét cac dao ham tiép

theo 1a tu nhién, vi duy, gpgﬁd")(O) cho t6i khi né phy thudc vao By nhung
khong phai phu thuoc vao By,i. Bang cach nay, ching toi thyc té da thay
Lp, g, b6i mot anh xa méi Lp, g, p, ma By tham gia vao trong dinh nghia
cua Lp, p, B, nhung khong c6 By nao khac véi k > 3. Anh xa méi Lg, B,.B,
nay phai c6 hang cuc dai.

Tuy nhién, ta van con van dé vé sy hoi tu ctia chudi Y pe ) 26¢*. Didu nay
héa ra ciing khong qua khé khan: néu ta c6 thé tim dugec mot nghiem{ B}
c6 dang Bj, 1a cac ma tran chi gom ding mot dong khac 0, thi sy hoi tu duge
dam bao, do day By, sé bi chi phoi béi mot quan hé hoi quy tuyén tinh va ta
c6 thé danh gia duge chuan ctia ching.

Dé lam diéu nay, ching tor phdi tim mot ma tran By thich hop sao cho
han ché cia Lp, B, B, lén khong gian con cia C™", gom cdc ma tran cé ding
dong cuoi khdc 0, c6 hang cuc dai, tic la cé6 hang bing n.

Chiing minh khi d6 cha yéu 1a k§ thuat tinh toan, rat dai dong va meét
méi. Ciing do van dé hoi tu cia chudi Taylor Y5 ) Z&¢* ctia ®(¢) ma ching
toi chi c6 thé giai quyét 6 truong hop n = 4, do tinh toan sé trd nén rat cong
kénh & chiéu 16n hon.

Toan bo ndi dung chuong 3 duge viét thanh thanh tién an pham [21],
tam thoi chua duge cong bd & tap chi nao.



Chuong 1

Vé su khong ton tai cac dudng
cong F—Brody gidi han

Trong chuong nay, chting toi trinh bay mot chitng minh méi cho két qua cia
cac tac gia D6 Dtic Thai, Mai Anh Dic va Ninh Van Thu [7] vé cac duong
cong Brody gidi han va ho khong chuan tic cac anh xa chinh hinh. Ching
minh nay duge cong b6 G bai bao [22], va do gidi han vé thoi gian, ching toi
tai xuat ban noi dung bai bao ¢ day ma khong c6 them thay doi nao.

1.1 Dan nhap

Céc ho khong chuan tic cac anh xa chinh hinh va duong Brody (ttc 1a mot
duong cong chinh hinh c¢6 dao ham bi chan) c6 mdi quan hé mat thiét (tham
khao [5, 25]). Lien quan t6i cac chit dé nay, cac tac gia clia bai bao [7] da
chting minh dugdc céc két qua sau.

Dinh 1y 1.1 (Dinh ly 1.6 cta [7]). C" (n > 2) khong thudc loai E-gidi han
vdi moi ham do dai E tréen C".

Dinh ly 1.2 (Dinh 1y 1.7 cta [7]). (C*)? khong thuoc logi ds%.g-gidi han,
trong dé ds%g la metric Fubini-Study trén P?*(C).

Chiing minh ctia cac tac gid nay st dung mot két qua ctia J. Winkelmann
va cac ky thuat trich day kha phiic tap. Vi thé trong chuong nay, chiing toi
c6 ging dua ra mot ching minh khac ngan hon va tong quat hon mot chiit.

Dau tién, ching t6i nhic lai mot vai dinh nghia va giai thich noi dung
cac dinh ly ctia ba tac gia.

Dinh nghia 1.3. Cho X la mot da tap phic duge trang bi mot metric
Hermit E. Duong cong chinh hinh f : C — X dugc goi la mot dudng cong
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E-Brody néu dao ham ctia né bi chan, tic 1a |f/(z)|g < ¢ v6i moi z € C
trong d6 ¢ 1a mot hing s6 duong.

Ham do dai la khai niem téng quat hon khéi niém metric, nhung né sé
khong lien quan gi t6i ching ta & day, ta c6 thé tham khao bai bao ctia ba
tac gid [7] cho dinh nghia d6. Luu ¥ rang néu ching toi viét E,(7), thi diéu
dé6 c6 nghia 1a do dai clia vector tiép xtc ¢ tai diém p theo metric E. Néu
diém p da 16 rang, thi ta sé viét || z.

Dinh nghia 1.4. Cho X 1a mot da tap phiic duge trang bi mot metric
Hermit E. Da tap phiic X dugdc goi 1a thudc loai E-gidi han néu X thoéa
méan cac dieu sau:

Véi mdi ho khong chuan tic F C Hol(A, X), trong d6 A 13 mot mién
trong C va Hol(A, X) 1a tap tat ca cac anh xa chinh hinh tir A vao X, sao
cho F khong chita cac day phan ky compact, ton tai cac day {p;} C A véi
p; = po € Akhij— oo, {f;} C F,{p;} CRVGip; >0vap;, — 0" khi
] — 00 sao cho

9;(&) == fi(p; + p;i€),§ € C,

hoi tu déu trén cac tap compact ctia C t6i mot duong cong E-Brody khac
hang g : C — X.

Dé cho tién, ching t6i nhic lai dinh nghia ho chuan tic va tinh phan ky
compact, cac dinh nghia nay c6 thé tim thay & trong cac bai bdo [8] hosc [7].

Dinh nghia 1.5. Ho F C Hol(A, X) dugc goi la chuan tic néu, véi mdi
day {f;}32, trong F, déu ton tai mot day con hoi tu deéu trén cic tap con
compact ctia A. Ho anh xa ma khong c6 tinh chat nay thi duge goi 1a ho
khong chuan tic.

Dinh nghia 1.6. Day {f;}52, trong Hol(A, X) dugc goi la phan ky com-
pact néu, véi moi tap con compact K C A vd L C X, déu ton tai j sao
cho, v6i moi j > jo, ta c6 f;(K)N L = (.

1.2 Su khong ton tai cac duong cong Brody
gidi han

Bay gio, chung ta trinh bay ndi dung chinh ctia chuwong. Chiung t6i sé chiing

minh mot két qua tong quat hon mot chiit dinh 1y 1.2 clia ba téac gia (cu thé

la dinh 1y 1.7 trong bai bdo goc ctia ho[7]). Noi dung ctia két qua duge trinh
bay sau day.
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Dinh 1y 1.7 (Két qua chinh). Cho X la da tap phitc c¢é chia mot duong
cong nguyeén, tic la mot duong cong chinh hinh khdac hing f: C — X. Khi
dé, ca hai da tap phitc C x X va C* x X déu khong thuoc loai E— gidi han
vdi moi metric Hermit E tuong dng trén C x X va C* x X.

Dé chitng minh dinh 1¥, ta sé st dung hai bo dé. Bo dé thi nhat duge
phat biéu ma khong chiing minh (tham khéo trang 299, chuong 15 [17]).

Bb6 dé 1.8. Cho ¢, > 0 vdin € N. Khi dé cic dieu sau la tuong duong.
() T2 (1 + ) < 00, (B) S0, 0 < 00,
Thém niia, (a) va (b) deu tuong duong vdi dicu sau.
(c) [122,(1 = ¢,) > 0 néu ta gid s thém rang 0 < ¢, < 1 vdi moi n.

B6 dé thit hai 1a b dé chinh, 1a chia khéa cho ching minh ciia két qué
chinh.

B6 dé 1.9. Cho {%’}j’il la mot déy cdc so phiic khdc khong doi mot phan biét
thoa man Zj‘;l ﬁ < 0o. Khi dé, vdi moi s6 phiic pj va k; vdi 1 < j € N,
ton tai mot ham chinh hinh g: C — C théa man dieu kién noi suy sau:
g(a;) =pj va ¢'(a;) =kj vdi moi 1 < j € N.

Chitng minh. Bing cach st dung Bo dé 1.8, diéu kien PR ‘L < oo kéo

|
2
theo chudi tich J]%, (1 _ a—) héi ty t6i mot ham nguyén khéc hing A ma

tat ca cdc khong diém ciia n6 la a; va tai cac khong diém nay, h c6 dao ham
biang 0.

Ky hiéu O la bé cac ham chinh hinh trén C va Z la b6 cac ham chinh
hinh trén C nhan a; 14 khong diém c6 bac 16n hon 1. Khi d6 ta c6 Z = h- O,
va do d6 Z 1a mot bé nhat quan (tham khao trang 130, Ménh dé 8, chuong
IV[11]).

Bay gio ta st dung mot ki thuat ¢ dién nhu trong ching minh dinh ly
Mittag-Leffler. Xung quanh méi diém o, ta luon tim thiy mot ham chinh
hinhf; sao cho fj(a;) = p; va fj(a;) = k;. Dieu d6 c6 nghia la ta luon tim
thay mot doi day chuyen {(Uj, f;)}, trong d6 U; 1a mot 1an can md ctia a; véi
j > 1, trong phiic déi day chuyén Cech C°(U, O), trong d6 U = {U; : j > 1}
la mot phtt md ctia C va fj(a;) = pj, fj(p;) = k; véi moi j > 1.

Ky hiéu § 1a toan t vi phan ciia phitc Cech. Khi d6, {(U;, f;)} 1a mot
d6i chu trinh trong Z'(U, Z) sai khdc mot cai min ctia . Nhung bé Z 1a nhat
quan va khong gian co sé C 1a khong gian Stein, do d6 d6i dong diéu ciia no6
H'(C,Z) triet tieu.

Diéu d6 c6 nghia 1 ta c6 thé tim thiy mot déi day chuyén {(U;, g;)} €
COWU.T) sao cho {(Uy, )} = 6{(Uy. )} Suy ra f; —g; = f; — g; trong
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U;NU; v6i j # i, khi d6 ching dinh nghia mét ham toan cuc g: C — C thoa
méan cac dieu kién noi suy treén. O

Chiing minh cia Dinh ly 1.7. Ta chi chiing minh dinh 1y cho C* x X, chiing
minh cho truong hgp con lai 1a tuong ti.

Do f 1a chinh hinh va khac hing nén ton tai mot day céc s6 phiic khac
khong {p;}32, trong C sao cho f'(p;) # 0 véi moi j.

Gia st g: C — Cla mot ham chinh hinh sao cho g(a;) = p; va ¢'(a;) = k;
v6i moi § > 1. Ham nay luon ton tai nho B dé 1.9. Ta tinh do dai clia vector
tiép xtic t6i duong cong C > z — (€2, (f o g)(e*)) tai diém z = ¢; trong d6
el = q;.

Ta c6

Ea 1) (5, f1(03)9 (0)5) = Eta, s, (s, [ (p3)kj017)
> |kj| oy, 100 (05 f'(p5) ) = By, p)) (@ 0).
Do dé6 néu ta chon
1
o
’ E(aj,f(pj))mv f,(pj>aj

thi dudng cong nguyén C 3 z — (e*, (f o g)(e*)), tit bay gio duge ky hiéu la
F, khong phai la mot duong cong F—Brody.

Bay gio xét day f, € Hol(A,C* x X) dinh nghia béi cong thic f,(z) =
F(nz). Day nay khong chita day con nao phan ky compact do f,,(0) = F(0)
véi moi n. Do dé néu C* x X thuoc loai E—giéi han, thi ta c6 thé trich mot
ddy con, vAn ky hiéu 1a f;, sao cho ton tai cac diém a; — ag € A va p; > 0
tién t6i 0 c6 tinh chat sau:

Day cac anh xa

) + E(ajvf(m))(ajao)) 5

C3 & filaj + psé)
hoi tu déu trén cac tap con compact t6i mot duong cong nguyen khac hang
dugc ky hiéu bdi G.

Toa do thid nhat ctia anh xa C 3 £ — fj(a; + p;€) 1a e7%19ri8 day 1a mot
ham chinh hinh khong c6 khong diém. Ky hiéu L 1a ham gi6éi han clia day
nay, khi d6 G = (L, (f o g)(L)). Ta suy ra L la khac hing do G khac hang.
Theo dinh Iy Hurwitz, L khong c6 khong diém.

Ta c6
4 pjaj+ipi€
. dé
IPi = " jastin€
v6i tu cach 1a mot day cac ham, hoi tu déu trén cac tap con compact t6i mot
ham chinh hinh chi nhan cac gid tri thue. Do d6 jp; hoi tu t6i mot s6 khac
khong B. Ta ciing ¢6 /% hoi tu t6i mot sé6 khac khong e?.
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Do d6 L c6 dang L(&) = exp(A + BE) va né kéo theo
G (&) = (exp(A + BE), (f o g)(exp(A + BE))) = F(A + BE).

Theo cach xay dung F, diéu nay cho ta mot mau thuan véi gid st C* x X
thuodc loai E-giéi han. O
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Chuong 2

Bai toan nang anh xa tur da dia
déi xttng héa khéng c6 diéu
kién dao ham

No6i dung ctia chuong nay 1a ban dich nguyén van bai béo ctia chiing t6i duge
cong bo tai [15] va do han ché vé thoi gian, ching toi khong them bat ci
thay doi nao.

2.1 Tém tat nodi dung

Qua cau phd don vi Q, 1a tap tat cd cdc ma tran vuong M cip n cé ban
kinh phé nhé hon 1. Dé cho gon, ta sé néi qua cau pho, thay cho qua cau
pho don vi. Ky hiéu m(M) € C" 1a cac hé s6 clia da thiic dic trung clia ma
tran M, tic la cac da thitc doi xing so cap ciia cac gia tri rieng cia n6. Khi
d6 da dia d6i xting hoa chiéu n duge dinh nghia la G,, := 7(Q,,).

Thong thuong khi khao sat cac bai toan Nevanlinna-Pick cho cac anh
xa tit dia vao qua cau phd, viéc chiéu anh xa lén da dia ddi xtng hoa sé
c¢6 1gi ich nhat dinh (vi du dé nhan duge cac két qua vé tinh lién tuc cia
ham Lempert): néu ® € Hol(D, Q,,), khi d6 7 o ® € Hol(D, G,,). Cho anh xa
¢ € Hol(D, G,,), chiing ta tim diéu kién can va di dé anh xa nay c6 thé nang
dugce qua cac ma tran cho trude, tic la tim ® nhu trén sao cho mo & = ¢
va ®(ay) = A;, 1 < j < N. Mot dieu kién can tu nhien 1a ¢(o;) = 7(4;),
1 < j < N. Khi cdc ma tran A4; la vi pham (tiéng Anh: derogatory; nghia
la khong thita nhan mot vector cyclic) cac diéu kién can mdi sé xuat hién,
bao gom cac dao ham ciia ¢ tai cdc diém a;. Chiing t6i chiing minh ring cic
diéu kien d6 1a can va du dé nang dia phuong. Ching toi dua ra cong thic
dé thyc hién nang toan cuc dbi véi cac chidu nhé (n < 5), vd mot phan vi
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du cho thay cong thitc that bai & chiéu tir 6 trd len.

2.2 Cac dong cd nghién citu va cac phat bieu

2.2.1 Cac dinh nghia

Mot vai bai toan trong Ly thuyét diéu khién manh dan t6i viéc nghién ctu
cac gia tri ky di c6 cau tric clia mot ma tran (duge ky hieu béi pu). Mot
truong hop dac biet clia chuyen nay chinh 1a ban kinh phd ctia ma tran.
Mot vi du rat dic biét ctia bai toan “u-téng hop" dude quy vé bai toan
Nevanlinna-Pick, tic 1a cho trude cac diem «; € D := {z € C : |z| < 1},
A;jeQcCm 1<j<N,xac dinh xem ton tai hay khong ham chinh hinh
P ti D vao 2 sao cho ®(a;) = A;, 1 < j < N. Ta ¢6 tham khéo nhiing van
dé nay trong bai tong quan rat thi vi ctia Nicholas Young [23].

Ching t6i nghién ctu truong hgp dac biét nay. Bay gio chung toi sé dua
ra mot vai ky hiéu.

Cho M,, 1a tap hop tat cd cac ma tran vuong phic cap n. Véi A € M,
ky hiéu Sp(A) va r(A) = maxyesp(4) |A| 1an lugt 1a phd va ban kinh pho cla
A.

Dinh nghia 2.1. Qud cau pho €, ducc cho béi
Q= {A € M, : r(A) < 1}.
Da dia doi ming héa G,, duge dinh nghia bdi
G, = {(A): Ac ),

trong d6 dnh xa 7 : M,, — C", m = (0y,...,0,), dugc cho béi cac he sb
clia da thitc dac trung ctia ma tran (sai khac dau):

n

Pa(t) == det(tI, — A) =: > (—=1)o;(A)t" .

j=0

Hay noéi cach khéc, toa do thi k ctia 7, titc ox(A), 1a da thic d6i xing so
cap thi k ciia cac gia tri rieng ctia A.

Bai toan 2.2. (Bai todn nang).

Cho danh za o € Hol(D,G,,) va Ay,..., Ay € Q,, tim cdc diéu kién (can,
hodc dii) sao cho ton tai ham chinh hinh ® € Hol(D, Q,,) théa mdn ¢ = To®
va ®(ay) =A; vdij=1,...,N.
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Khi diéu nay x4y ra, ta néi rang anh xa ¢ ndng qua caic ma tran A, ..., Ay
tai cac diem (o, ..., ay). Mot diéu kién can hién nhién dé cho ¢ nang qua
cac ma tran Ay, ..., Ay tai (aq,...,an) 1a p(o;) =w(A;) véi j=1,..., N.

Nhan xét 2.3. Bat ctt khi nao c6 mot nghiem cho bai todn nang véi dit lieu
a;, A;, thi khi d6 sé c6 mot nghiém cho bai toan tuong tng véi o, Aj, trong
do A; ~ flj v6i moi j, tic la A; dong dang voi flj, tiic 1 v6i moi j ton tai
Pj € M;! sao cho A; = P; ' A;P; [1, Chitng minh Dinh 1y 2.1].

Két qua dau tién ctia ching toi 1a mot cau tra 16i dia phuong (Ménh dé
2.11 6 Muc 2.4). St dung diéu nay va ly thuyét Forstneri¢, R. Andrist [2]
gan day da chitng minh duge rang cac dieu kien dia phuong thie chat cling
13 diéu kién du cho bai toan nang toan cuc. Tuy nhién, chiing toi cung cap
mot cong thiic cu thé cho dnh xa nang véin < 5 (Dinh 1y 2.20 6 Muc 2.6).
Phuong phép duge phat trién ¢ Muc 2.5 hoat dong trong mot s6 truong hop
khéac (vi du khi cac ma tran noi suy c6 mot gia tri rieng duy nhat), nhung
n6i chung that bai doi véi cac chiéu tit 6 trd lén, nhu dude chitng minh trong
Muc 2.7.

2.2.2 Cac dong co nghién ciu

Cac anh xa nang quy viéc nghién cttu bai toan ndi suy Nevanlinna-Pick trong
qua cau phd vé mot bai toan v6i mién dich bi chin va ¢6 chiéu nhd hon nhiéu.
Da dia d6i xting hoa 1a cing (tiéng Anh: taut), tic 13 moi ho 4nh xa chinh
hinh vao né déu la ho chuan tic. Do d6, néi rieng néu cac diéu kien nang la
lien tuc d6i véi ¢ (vi du phu thuoc vao mot sé hitu han cac gia tri clia ¢ va
cac dao ham ctia n6), ta c6 thé thu them duge cac két qua vé tinh lien tyc.
Dé trinh bay diéu nay, ching toi st dung ky hiéu sau.

Dinh nghia 2.4. Cho anh xa ¢ : D — C" va « € D, jet thi k (hodc k—jet

cho gon) clia ¢ tai a duge dinh nghiala J¥(¢) := (¢(@),¢'(a),...,eW(a)) €
(C(k-‘,—l)n.

Anh xa ¢ — J¥(p) 1a tuyén tinh va lien tuc tit Hol(D, C"), dugc trang
bi topo hoi tu déu trén cac tap compact, t6i CH+H7,
Ching toi dua ra mot vi du két qua veé tinh lién tuc khi N = 2. Ta nhic
lai dinh nghia ctia ham Lempert trong bdi canh nay.
Dinh nghia 2.5. Cho A, B € Q C C™, ham Lempert dugc dinh nghia la
lo(A, B) :=inf {|a| : p € Hol(D, ) : p(a) = A, p(0) = B}.
Dinh nghia 2.6. Ta n6i ma tran A € M, (C) 1a cyclic néu n6 thita nhan

mot vector cyclic v, tiic 1a v € C" sao cho cac lap lai ctia n6 {A¥z, k > 0}
sinh ra toan bo C™.
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Két qua sau duge nhiéu nguoi biét: ham Lempert lién tuc theo ca hai déi
s6 tai cac diem (A, B) trong d6 A va B la cyclic. Tinh hudéng tré nén khong
ro rang nita khi md mot trong hai ma tran khong con 1a cyclic (nhiing ma
tran nhu thé duge goi 1a vi pham (tiéng Anh: derogatory; ta ciing c6 thé
dung tt "phi-cyclic")).

Ménh dé sau la an trong [19, Muc 4].

Meénh dé 2.7. Cho A, B € M, (C), a € D\ {0}.
Gia si A la ma tran cyclic.
Gid st ton tai cdc s6 nguyén k,p > 0 va dnh za tuyén tinh

Qp : Cktr " x CP
V=Wo...,Vi) (vo,éB(V))

sao cho: anh za ¢ € Hol(D) thwa nhan mot dnh za nang ® qua (A, B) tai
(o, 0), vdi ®(C) la cyclic doi vdi ¢ # 0, khi va chi khi p(a) = w(A) va
O(TH()) = (7(B).,0). o

Khi dé anh za M w— Lq, (M, B) lién tuc tai diem A.

Trong ngon tit it k¥ thuat hon, néu A cyclic, vd néu B théa min ring
SsU ton tai 4nh xa nang clia ¢ tit da dia d6i xiing héa qua (A, B), nhan gia
tri cyclic trit B, dugc dac trung héa bdi mot sé hitu han cac dicu kien lén
cac gid tri clia ¢ va cdc dao ham clia n6 (tai mot s6 diém thich hgp ciia né),
khi d6 ta c6 dudge tinh lien tuc bo phan ctia ham Lempert déi véi déi so thi
nhat tai (A, B).

Do két qué ctia R. Andrist [2] (va, trong mot truong hop dic biet, Dinh
ly ctia ching toi 2.20) cung cap mot tap hop cac diéu kien nhu trong Ménh
dé 2.7, bay gio ching toi biét rang két luan x4y ra v6i moi ma tran B € M,,
va v6i moi chiéu n: néu A cyclic, anh xa M — o, (M, B) lién tuc tai A.

Chitng minh ciua Ménh dé 2.7.

Ham Lempert luon luon nita lién tuc trén, vi thé ching toi chi can chiing
minh:

khi A, - A, {q,(A, B) <limsup/{q,(A,, B).
P

Chuyén qua mot diy néu can thiét, ta c6 thé chon o, € D sao cho |a,| >
lo, (Ap, B) valim, o |0y = || = limsup,_,, lo, (Ap, B), v6i as € D. Khi
do, ton tai @, € Hol(D, 2,,) sao cho ®,(0) = B, ®,(a,) = A,.

Cho ¢, := 7o ®,. Bdi vi G,, 1a mién cing, chuyén qua diy con néu can
thiét, ta c6 thé gid st ¢, = Yo € Hol(D, G,). Ro rang ¢ (0) = m(B).

Do tinh lién tuc ctia anh xa jet, (7(B),0) = Op(Jg(p,)) = Op(Tg(P)),
do d6 ton tai @, sao cho o Py = Yoo, P (0) = B.
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Hon nita, m(Poo (o)) = Poo(@oo) = lim, ¢p(a,) = lim, m(A,) = 7(A), va
do @ () v A c6 ciing pho va cyclic, Poo (o) ~ A. O

2.3 Nhitng thu gon dau tién ctia bai toan

Ta can thiét lap mot s6 ky hiéu.

Dinh nghia 2.8. Cho truéc mot vector v := (vy,...,v,) € C", ta ky hiéu
Pu(t) i= 1+ S0, (1)t

Cach chon nay dam bao Pir4) = Pa.

Dinh nghia 2.9. Cho a := (ay,...,a,) € C", ma tran dong hanh cia a la

0 1 o --- 0
0 0 :
Claj = | 100
0 0 o 01
ap Ap—1 -+ G2 @

Ta thay rang da thic dic trung ctia né khi do la det(tI, — Cjy) = t" —
>ty ait", de cho 0j(Clay) = (=1)*ay, v6i 1 < j < n.

Cho ma tran M, ma tran dong hanh ctia M, ky hiéu 1a Cj, 1a ma tran
duy nhat 6 dang dong hanh c6 ciing da thitc dic trung véi M.

Ma tran A € M, la cyclic (hay khong vi pham) khi va chi khi n6 dong
dang v6i ma tran dong hanh ctia n6 (xem [14] cho chitng minh ctia tinh chat
nay cling nhu cac tinh chat tuong duong khac).

Tinh toan trén cia da thic dic trung clia ma tran dong hanh cho thay
¢ € Hol(D, G,,), néu ta viét ¢ := ((—1)"Tp;,1 < j < n), thl anh xa dugc
cho béi ®(() := Clg() 1a mot nang cuia .

Do d6, két hop véi Nhan xét 2.3, diéu nay c6 nghia la viéc nang qua mot
tap hop cac ma tran cyclic c6 thé dat dugc ngay khi cac diéu kién can hién
nhién ¢(a;) = 7(4;), 1 < j < N, duge théa méan [1, Dinh 1y 2.1], [6, Dinh
Iy 2.1].

Truong hop A; chi ¢6 dung mot gia tri riéng , va A,, ..., Ay cyclic, da
duge nghién citu trong [19].

2.4 Cac diéu kién can

Cho A, € M,,. Sai khac dong dang, ta c6 thé gia st né c¢6 dang Jordan. Ta
viét n6 dudi dang khoi lien két v6i moi gia tri rieng phan biét ctia Ay, ky hiéu
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la A\, 1 < k < s trong dé s < n. Cu thé 1a

B .
A= . Bi €My, > mp=n, (2.1)
B, k=1

trong d6 Sp By = { ¢}, va \j # A\ V6L k # J.

Tam thoi, ta ¢6 dinh k va viét (B, \,m) thay cho (B, Ay, mi). Ta can
thiét 1ap mot vai ky hiéu nhu trong[19]. Cho B = (b; ;)1<ij<m- Khi d6 bj; = A,
bj_1,; €{0,1}, 2 < j <m, va b;; = 0 néu hodc i > j hoac i+ 1 < j.

Ky hiéu r 1a hang ctia B — A\I,,, ttc la c6 dang m — r c¢ot trong B — A\,
dong nhat 0, cai thi nhat, v nhitng cai duge danh sd bdi cac sd6 nguyén
J > 2 sao cho b;_1; = 0. Danh s6 tap hop (c6 thé réng) cac chi s6 cot ma hé
$6 b;_1; triét tiéu nhu sau

{j3bj—1,j:0} = {bQ,...,bm_r},2§b2 < .- <bm—r Sm

Mot cach tuong duong, by 1 —b; 1a ¢d clia khéi Jordan BY = (bij)by<ij<bii—1-
S6 nguyen b1 — by 1a bac liy linh ctia khéi BY.

Ta ¢6 thé chon dang Jordan sao cho b, 1 —0b; 1a day tang theo 1 <1 < m—r,
V61 quy U6C bpy_pi1 :=m+ 1. Tiic 1a céc 56 0 ¢6 thé c6 xuat hien véi cac chi
s6 j nhé nhét c¢6 thé mot cach toan cuc.

Dinh nghia 2.10. V6i 1 <i < m,
di(B)=d; =14+ #{k:m—i+2 <b, <m}.

Mot cach tuong duong, d; — 1 14 s6 cac cot dong nhat 0, trong s6 ¢ — 1
cot cudi ciia A; hay

di=1+(m—r)—max{j:b; <m—i+ 1},

v6i quy uée rang s6 max bang 0 néu tap hgp bén phai 1a réng.

Ta cing c6 thé dién gidi d; = d;(B) nhu la s6 nguyén d nhé nhat sao cho
c6 mot tap S cla d vector trong C" v6i tinh chat rang cac lap lai cia S bdi
B sinh ra mot khong gian con ciia C" véi chicéu khong bé hon j (ta sé khong
can dic trung nay, va vi thé ching toi khong trinh bay chiing minh).

Cha y rang B la cyclic khi va chi khi d;(B) = 1, v6i moi i (b;_1; = 1
v6i moi j); trong khi d6 n6 la vo huéng khi va chi khi d;(B) = i, v6i moi i
(bj*Lj =0 véi IIlOl j)

Menh dé sau dua ra mot tap hop cac diéu kién nang can va di vé mét
dia phuong. Néi rieng, diéu nay néi ring tat ca cac dicu kien can cé thé co
ma c6 thé nhan duge tit biéu hién ciia ® trong mot lan can a € D déu dugc
vét can bdi (2.2).
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Ménh dé 2.11. Cho ¢ € Hol(w,G,), vdi w la mot lan cin cia o € D. Cho
Ay nhu trong (2.1). Cdc khang dinh sau la tuong duong:

(a) Ton tai w' C D mot lan cin clia o va ® € Hol(w',Q,) sao cho

Tod = &(0) = Ay;

(b) Anh za o théa man

dkP[s@(C )]

2R =0((C =) ), 0<k<my 1L 1< <, (22)

trong do d; nhu trong Dinh nghia 2.10.
(c) Ton tai W' C D mot lan cin cia o va ® € Hol(w', Q) sao cho

Tod = ®0)=A; va ®(() cyclic vdi ¢ € W'\ {a}.
Chu ¥ réng diéu kien

d* Py

Zi- M) =0(C—a), 0<k<m—11<j<s,

n6i mot cach chinh xac rang Py (t) = Pa, (t), hay néi cach khéc, p(a) =
7(A1), chinh 1a cac diéu kién can hién nhién cho su ton tai anh xa nang; va
ciing 1a nhitng dieu kién duy nhat can thiét khi A, 1a cyclic, titc 1a vi du khi
dm;—1(Bj) = 1 v6i moi j va k.

R0 rang dieu kién (¢) kéo theo diéu kién (a), do d6 ching ta chi can chiing
minh ring (a) suy ra (b) (cac diéu kien can) va (b) kéo theo (¢) (céc diéu
kien du).

Chiing minh. Dau tién do day la mot két qua dia phuong, khong mat tinh
tong quat, ta co thé gia si a = 0.

Cac dieu kién can.

Dau tién, xét truong hop chi c6 mot gia tri rieng A\ for Ay, tidc la s =1,
va hon nita A\; = 0. Diéu nay dugc thiét 1ap bdi [19, Corollary 4.3], ma ta c6
thé phat biéu lai nhu sau.

B6 dé 2.12. Néu ¢ = (¢1,...,0n) =m0 ® vdi & € OD,Q,), (0) = A,

nhu trong (2.1), Sp Ay = {0} khi dé ¢;(¢) = O(C%), trong dé d; nhu trong
Dinh nghia 2.10.
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Chu y réng néu ta viét P[ ()C)] : %ﬂf)w

bién ¢, khong nham 1an v6i dao ham d6i theo bién chinh hinh (), cac dicu
kign trén c6 thé viét thanh P[(;()c)](o) =O0(¢*+),0<k<n-—1.

Néu Sp A; = {\}, then Sp (A;—AI,,) = {0}. Ta thay ngay rang P4, r, (t)
Py, (t— ), do d6 diéu kién can trong trudng hop tong quat hon ciia ma tran
v6i mot gia tri rieng duy nhat trd thanh:

B6 dé 2.13. Néu ¢ = (¢1,...,0n) =70 ® vdi & € Hol(D, (), ®(0) = Ay,

Sp Ay = {\} khi do P (A) = O(¢), 0 <k <n—1.

Bay gio xét truong hgp tong quét. Dé chitng minh (2.2) cho méi j, khong
mat tinh téng quat, ta nghien ctiu khéi By lien két v6i gia tri A;.

20, B dé 3.1] va cac nhan xét sau d6 cho ta mot nhan tit héa chinh
hinh trong mot lan can w nao do6 ctia 0 cua da thic dac trung ctia ®((): for
¢ € w, Pyy(X) = PHX)PZ(X), va mot phan tich tuong ting ctia khong
gian C" thanh tdng tric tiép bién thién clia cdc khong gian con c6 chiéu
my va n—mp = mg + -+ + mg, v6i cac anh xa ®; € Hol(w, Q. ), P2 €
Hol(w, Qy 1. tm,), sa0 cho Pi(t) 1a da thiic ddc trung cta ®;(C), i = 1,2;
Py (t) = Pp,(t) = (t — A))™; va
Fi(t) = (t = Aa)™2 - (t =A™

Ciing nhu trudce, ta c6 thé xét P (t — A1) dé quy vé truong hop A; = 0.
Chitng minh ciia tinh can ctia (2.2) két thic véi bd dé sau (ap dung cho
ki :=my —d;(By)).

B6 dé 2.14. Cho P0 P1 P2 la cdc da thite phu thuoc chinh hinh vao C,
Pi(t) = ZT’O ait!, i =0, 1 2 théa man P2(t) = PH(t)PE(t), Fy(t) = t™ wva
ag(0) = F(0) # 0.

Cho (k;j,O <j<my—1) la mot day gidm cic s6 nguyén duong. Khi dé

= 0(¢"),0 < j <my —1 khi va chi khi aj = O(g’%),o <j<m—1.

(dao ham cta da thitc doi véi

Chaing minh. Do P° la tich ctia hai da thitc khac, a) = Y ]_ja;_ lal Do (k;)
giam, nen gid thiét a]_; = O(¢*) kéo theo a}_; = O(¢%), do d6 af = O(¢*).

Nguge lai, bang quy nap theo j. V6i j = 0, a} = al/ad = O(¢*) do
mau thic khong triét tieu tai ¢ = 0. Gid st tinh chat dude théa man véi
0<j <j—1Tacoa; = % (a? — 37 L a5 lal> , do d6 theo gia thiét quy
nap thi al_; = O(¢-1) = O(¢*%) béi vi (k;) gidm, va do a) = O(¢™), ching
ta két thic cong viéc. O

Cac dieu kién du.

Stt dung [20, B dé 3.1] va cac nhan xét sau do, ap dung lap lai, ta tim
thay lan can w nao do ctia 0, va mot nhan t1t héa bién thién chinh hinh thanh
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cac nhan tit nguyen to cting nhau Pu)(t) = Py ) (t) - - Pioy (o)) (t), va mot
phan tich ctia khong gian C,

C" = @ ker Py, (9(C)).
j=1

Thu gon w néu can thiét, véi mdi i, ¢; € Hol(w, G,,,). Theo Bb dé 2.14, cac
diéu kién can vé triet tiéu lien quan t6i ma tran B; € M,,, duge théa man,
v6i Sp B; = {\;}. Do do6 tit Bo dé 2.13, ton tai ®; € Hol(w,$,,,) sao cho
¢; = 7o ®;. “Anh xa khéi"

dy

cung cap 4nh xa nang mong muon. O

2.5 Mot cong thic cho anh xa nang

2.5.1 Dang Jordan sita doi

Dau tien ta can mot bo dé dai s6 tuyén tinh cho ta dang chinh tic ciia céc
ma tran, khéc mot chit so véi dang Jordan dé thich hop véi muc dich cia
ching ta. Ching t6i goi no6 la dang Jordan sia doi.

Chtng t6i can thiét lap cac ky hieu stta déi mot chat. Cho A4, € M,
c6 Sp(Ay) = {A1,..., \u}: & day cac gia tri riéng tinh 1dp lai theo boi.
Cho my,...,ms la cac boi tuong tung, dat n;, = my + --- + m;. Khi do
0=ng<ng <--<ng=nva A\ = A\ khi vd chi khi ton taii € {1,...,s}
sao cho n;_1 < k, K < mn;.

Ta gid st rang Ay := (a;;)1<ij<n 6 dang Jordan véi cac ky hiéu cia (2.1),
trit viee déanh chi s6 céc gia tri rieng: bay gio Sp By = {\, }.

B6 dé 2.15. Ma tran A, dugc cho nhi trén dong dang véi A" = (a};)1<ij<n
trong dé ay,. 1., =1 # an,14m, =0, 1 <0 < s — 1, va aj; = a;; vdi moi gid
tri khdc cta cdc chi so.

Chu y rang dicu nay c6 nghia la aj; = 0if j ¢ {i,i+ 1}, la aj,;,, € {0,1}
vanéu aj,,, =0, thi aj; = aj,,,,, € Sp(A4y).

Mot cach trice giac, tai chd noi gitta hai khéi lién tiép By, ching toi thay
ddi he s6 ngay phia trén duong chéo (vi nim ngoai cac khoi) tit 0 thanh 1.
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Co s6 mdi ma ching ta sé tim thay sé khong con ché khong gian thanh
cac khong gian con bat bién nita, nhung ching ta van nhan dudc dang tam
gidc. Diéu chiing ta thu duge 1a A’ cyclic khi va chi khi a; ;41 = 1 v6i moi 4,
1<:1<n—1.

Chitng minh. Cho {e;,1 < j < n} 1a cosd c6 thit tu ma dang Jordan ban dau
dugc thiét 1ap. Ky hiéu V; := Span{e;,n;—1 < j < n;} la cac khong gian riéng
suy rong doi véi gia tri rieng \,,, hay néi cach khac V; = ker(\,, I,, — Ap)™.
Cubi cling, cho u 1a 4nh xa tuyén tinh lien két véi A;.

Két qua sé 1a hé qua clia tinh chat sau, dugde chitng minh bang quy nap
theo j, 1 < j <n:

(P;) : v, € @ Vi sao cho néu € := e; + v;, thi u(e)) = \je) +aj_, ;e

j—1,4€i—-1>
1n; <j
véi a] 1; dugc dinh nghia trong phan phat biéu ctia B6 dé. (Ta hiéu ¢ day
la e) = 0 va tong rong cac khong gian con 1a {0}).
Ma tran A’ sé la ma tran ctia u trong co sé (vy, ..., v,).

Ching ta chiing minh (P;) bang quy nap. (P;) duong nhién thoa méan véi
vy = 0.
Bay gio gia st rang j > 2, va rang (Pj) xay ra véi j/ < j. Ching ta tim
v sao cho
u(ej +v) = Nj(e; +v) + aj (e + i),

hay mot cach tuong duong, do (u — Aj) e; = a;j_1 €1,
(u=Ay) (v) = dj_y ju-1 + (@ ; — aj-15)e5-1. (2.3)

Trudng hgp 1. Ton tai ¢ sao cho j = n; + 1.

Khi d6 a;_;; = 0 va a] 1; = 1, do d6 (2.3) tré thanh (u — A,,,,) (v) =
Up, + €5, Vector cudi nay nam trong W; := @, ., Vi, khong gian nay on dinh
d6i véi anh xa tuyén tinh u — A, ,. Thém nita, &nh xa (u — \,,,,)|w, khong
nhan 0 lam gia tri riéng, do d6 phuong trinh thtta nhan mot nghiém duy
nhat v =: vj41 trong W;, chinh la khong gian mong muén don; < j, dpem.

Trudng hdp 2. V6imoi i, j — 1 # n,.

Khi d6 a}_, ; = aj_1;, so (2.3) trd thanh (u — A;) (v) = @}, jv;1, va
@miq_l V. = @miq V;. Mot lan nita, khong gian con dé 6n dinh déi véi

— Aj, han ché ciia anh xa 1a mot song émh, do do6 ching ta nhan duge mot
nghlem duy nhat v =: v, € P, O

1n<]

Tu bay gio, st dung Nhan xét 2.3, ta gid st rang cdc ma tran Ay, ..., Ay
ma ching ta muén nang qua dang ¢ dang Jordan sita déi, nhu dude dinh
nghia trong B6 dé 2.15.
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2.5.2 Sai phan chia

Dinh nghia 2.16. Cho da thic P, cac sai phan chia duge cho lap di lap lai
nhu sau:

P(zy) — P(x9)

g e ey

AP = P,A'"P(zy,25) =
Tl — X2

A" P(xy, o ) — AP (29, Tg)

AmP(SL’l, . 7I‘m+1) =
Ty — Tm41

Nhic lai 1a A™P(x,...,2) = 5 P™(z). Mot tai licu tham khao tot vé

m!

sai phan chia la [4].

2.5.3 Mot anh xa nang phan hinh

Cong thic sau dua ra mot nghiém "phan hinh" cho bai toan nang: tic la mot
s6 cac hé s6 ctia ma tran duge cho bdi cac thuong va cé thé c¢é cue. Duong
nhién, khi cac ky di c6 thé bé dudc, ta mé rong cac ham sb theo cach thong
thudong va cac tinh chat duge khing dinh bén duéi dude mé rong bing tinh
lién tuc.

Meénh dé 2.17. Cho ® la dnh xa tu D (tric mot s6 ky di) vao M,, dugc dinh
nghia boi

801,1(() f2(o 0 0
0 902,2(0 ' 5
0= o a0 |
0 0 T @n—l,n—l(o fu(C)
Pn,1 ©n,2 T Pnn—1 Pn,n

trong do fr, 2 <k <n, va prx, 1 <k <n—1, la cac ham chinh hinh dugc
chon, fi khong dong nhat 0, va trong dé

On g = AT P pe)
’ [Tieir f5(C) ’

va cudi cung

1<0<n-—1, (2.4)

Onn = =AD" P11y Pn1n-1,0) = 01 — (P11 4+ + Pae10-1)-

Khi d6 o ®(C) = ¢(C), vdi cic gid tri cia ¢ ma tai dé cdc thuong cé
nghia.
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Cho A" nhat trong két ludn cia Bo dé 2.15, va o € D. Néu fy(or) = aj_y
2<k<mn o) =M, 1 <k <m,vd ppp(le) =0,1 <k <n-—1,th
O(a) =A.

Néu f(¢) #0 vdi moi k € {2,...,n} va ¢ € D\ {a}, thy ®(¢) cyclic vdi
¢eD\{a}.

Luu y la ching toi thi thodng b6 qua do6i s6 ¢ trong ¢;;(¢) va cdc ham
khac. Diéu nay sé tiép tuc xay ra.

Chaing minh. Phat biéu cubi dude thoéa man ngay lap tic.
Dé thay rang 7o ®(¢) = ¢(¢), ta tinh det(¢tl, — ®(¢)) bang cach khai
trien theo hang cudi:

n—1 n—1 -1 n
= (t = nn) H(t — i) = ) (1) on, H(t — $iz) H (—/)
i=1 (=1 i=1 i=0+1
n—1 n
=1 H(t — ¢ii) + A" Py, - Pne10-1,0) H(t — Pii)
i=1 i=1
n—2 7
+ 3 APy (uns - pya100) [ (8 = 0)
j=0 i=1
= Pon(t),
theo cong thitc Newton ap dung cho n diém (0115 Pn—1.n-1,0). O

2.5.4 Cac tinh toan co ban

B6 dé 2.18. Cho cdc sb tu nhién k < j, sai phan chia A*t7 duge cho béi
cong thic

kyj . 1 .12 Tht1
A" (1,29, ..., 1) = E iy .x
i1+---+ik+1:_j—’€

B6 dé 2.19. Cho Ay, nhu trong (2.1). Cho ¢ € Hol(D,G,,) théa man cdc
dieu kién (2.2) tai a = 0.

(a) Cho p11,922, - Pmym; € Hol(D,C) trong dé ¢;;(0) = A vdi 1 <i <

AR P o) (@11, P29, - -y Pryrpsr) = O(CHm—+B1)

vo1i 0 <k <mp;—1.
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(b) Cho \i # Xy. Gid sit
Akp[@(g)}(gpl,la Y22, - 7§0k+1,k+1) == O(Cd)

vdi 0 < k <my —1 trong dé d > dp,(Bz2). Cho @um,+1.m,+1 € Hol(D, C)
la bat ky ham chinh hinh nao théa man ., 1.m,+1(0) = X, khi dé

A™ Poon(91.15 922, - s Pmysrtmiyr) = O(CHm2B2),

Chitng minh. Dé chitng minh (a), ta viét Py, bang cach sit dung cong thiic
Taylor:
" Py
Pon(t) = Y =2

=0

V6i 1 < i < my, ddt ¢;; = A + @i, sao cho ;(¢) = O(¢). Theo tinh tuyén
tinh ctia toan tit sai phan chiaAF,

A P (901 1;90227---><Pk+1,k+1) =

n Pj j (A1) ;
= %M(t — NP (P11 @220 Pret )
=0 J!
- P[( (<
— Z d Yo e
11,0410
i1t tig1=7—k
" Pl ()
(QI\1 my =
=2 o™ = 3 O,
i=k j=k

do cac diéu kién (2.2). Tt Dinh nghia 2.10 ta ¢6 d;1(By) < d;(B1) + 1 véi
1 <j<mn;—1,dodé tathu duge, véi k < j, dy,—j(B1) > dpy—k(B1)—(1—k),
diéu nay kéo theo (a).

Dé chitng minh (b), ta sit dung cong thiic noi suy Newton

Poo) (Omit1,mi+1) =

- Z AkP[w(C)](SDl,h < P k) (P 1ma 41— P11) (P 1m0 417 Phk) -

Dé danh gia vé trai, ta c6 thé chuyén doi thi tu ctia hai gia tri rieng
thtt nhit, va ap dung phan (a) ctia Bo dé v6i k = 0 (do d6 diéu kien
Omy+1,m1+1(0) = Ag 1a dit), nhu vay ta nhan duge
P[@(C)](90m1+1,m1+1> = O(Cdm2(32))'
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T gid thiét, vé phai c¢6 thé viét nhu sau
P[GD(C)]<901:17 SRR (Pm1+1,m1+1) ’ (90m1+1,m1+1 (O) — Pmi,my (O)>(1 + O(§)) + O(Cd)v

do )‘1 7& >‘2 kéo theo (me1+1,m1+1 (0) = ¥Pmy,my (0)) 7é 0.
Giai phuong trinh cho Py (@115 - - - Pmy+1mi+1) dan t6i két qué phai
chiing minh. O

2.6 Truong hop n <5

Dinh ly 2.20. Chon € N*, n <5, Ay,..., Ay € M,,, a1,...,ay € D va
¢ € Hol(D, G,,).

Khi dé ton tai ® € Hol(D,,) théa man ¢ = o ® va ®(o;) = A; vdi
j=1,...,N khiva chi khi ¢ théa man cic dieu kién (2.2) cho méi j, vdi A;
thay cho Ay va a; thay cho o, trong do 1 < j < N.

Thém nita ta cé thé chon gid tri ®(C) la ma tran cyclic khi¢ & {ay, ..., an}.

Trudng hop n = 2 ctia dinh 1y nay duge pht béi [1] va truong hop n = 3
béi [19] va [13].

Chaing minh. Ménh dé 2.11 chitng minh chiéu nguge ctia dinh 1y.

Dé chitng minh chiéu thuan, theo Ménh dé 2.17, ta chi can chon f; va
¢k sao cho v6i mdi j, ching va cac he s ¢, dude dinh nghia va nhan cac
gia tri thich hop tai ;.

Khong mét tinh tong quat (theo Nhan xét 2.3), ta c6 thé gid sit A; dang
& dang Jordan stta ddi va ta viét A; = (af,l)lgugn. Mot yéu cau dau tien
a fulay) = a4, 2 <k <n, 1 <5 <N, vagpilay) = al,, = Mi(4),
1<k<n,1<j<N.Tacing doi hoi rang fx(¢) # 0 trix phi ¢ = a; va
aﬁ_ljk =0, v rang tat ca cac khong diém ctia mdi f;, 1a don.

Khang dinh. Ta c6 thé xac dinh thém cac diéu kién (néu can thiét) trén
mot s6 hitu han cdc dao ham lién tiép clia g tai a; dé ddm bao ring cac
he s0 ¢k, 1 <k <n—1, dugce dinh nghia va nhan gia tri 0 tai «;.

Néu khéng dinh nay x4y ra, thi da thiic noi suy cho phép chiing ta tim
thay cdc ham chinh hinh fj va @) thda man tat ci cac yéu cau trén va diéu
kien trong Khang dinh.

Phan 1y luan con lai sé duge danh cho chitng minh khang dinh trén. Ta chi
can lam viéc tai mot diém «; € D, ci ma ta c6 thé coi la 0 dé don gian héa
ky hiéu. Ciing nhu vay ma tran A; will be dugce ky hieu la A; = (a;j)1<i j<n,
n =4 or 5, va ¢ § dang Jordan sita doi. Nhéc lai ring cac diéu kien (2.2) da
kéo theo P[cp(O)] = PAl-
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2.6.1 Truong hop n =14

Ta xét cac truong hop khéc nhau tuy theo cac gid tri clia (ajg, o3, ass) €
{0,1}3. Néu ag_1 = 1 v6i moi k, A; cyclic va cac mau thiic trong cong thiic
ddi v6i ¢4, khong bao gio triet tieu tai ¢ = 0; do g x(0) = A\ 12 mot khong
diém citia Py, = Py, AZ_IP[@(O)] luon luon triet tieu tai (11, ..., @) VO
¢ < 3, va chung ta két thic cong viec.

Néu ay_1, = 0 v6i moi k, tat ca cic gia tri rieng cia A; phai bang nhau
va chiimg minh vé c¢o ban 1a da xong trong [19, Chiing minh Menh dé 4.1].
Trong phan sau ching to6i luon gid sit rang A; thita nhan it nhat 2 gia tri
riéeng phan biét.

Néu c¢6 diung mot gia tri clia k € {2,3,4} sao cho ax—1, = 0, thi ta c6
mot khong gian con riéng chieu 2, vi du véi \; = \y. Khong gian con riéng
suy rong tuong tng, ker(A\ I, — A;)*, 6 thé c6 chiu 2 hodc 3. Tam thoi
chuyén qua dang Jordan mot lic, trong truong hgp thi nhat ma tran ché
ra thanh hai khéi 2 x 2 véi cac gia tri rieng phan biét va ta cé thé gia si
ker(\ Iy — Ay) = Span{ey, ea}, va Ay ¢ {A3, \4}. Trong trudng hop thi hai,
A3 = A va ta c6 thé gid sit ker(A\ Iy — A;)? = Span{ey, e, e3}.

Trong mdi truong hop, véi cic vector co s6 duge hoan vi néu can thiét,
A, thita nhan dang Jordan stta doi sau:

A0 0 0
fooxn 10 y
Al = 0 0 )\3 1 , VOl )\4 7& )\1. (25)
0 0 0 M\

Néu c6 dung hai gia tri cia k € {2,3,4} sao cho ax_1 = 0, thi ¢6 hai
truong hop c6 thé sau: trong truong hgp tht nhéat, hai chi s6 k& théa man
ak—1x = 0 1a lién tiép va ching ta ¢6 mot khong gian con riéng chiéu 3 (va
do c6 it nhat hai gia tri rieng phan biét, nén khong gian con riéng suy rong
biang khong gian d6 ), dé cho A; thita nhan dang Jordan stta ddi sau:

A0 0 0
o oA 0 o0 y
Al = 0 0 )\1 1 , VO1 )\4 7£ )\1. (26)
0 0 0 M\

Trong truong hop thi hai, ta ¢6 (a2, ass, ass) = (0,1,0), va Ay thita nhan
dang Jordan sita doi sau:

A 0 0 0
looa N
Al = 0 0 )\3 0 , VOl A3 7é Al (2 7)
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Truong hgp 1: A; nhu trong (2.5). Do f5(0) = f4(0) =1 va fy ¢6 mot
khong diém don tai 0, nén ta can phai chiing minh ring

Poy(p11) = O(¢?), (2.8)
APy (011, 922) = O(C), (2.9)
A? Py (911, 22, 933) = O(C). (2.10)

Trong trudng hop nay, cac diéu kien (2.2) néi réng
Py (t) = (t = M)t — A3)(t — M),

va

Procn(An) = O(¢?). (2.11)

Ap dung B6 dé 2.19(a) véi ny = 2, k = 0,1, ta nhan duge (2.8) va
(2.9), trong khi d6, khi A\; # )3, ta nhan dugc (2.10) bang cach 4p dung
Bo6 dé 2.19(b) v6i ny = 1. Khi A\; = A3, ta thiy ring P4, thita nhan mot
khong diém bac 3 tai Ay va do 11(0) = ©22(0) = ¢33(0) = Aj, nén
AP (11, P22, p3,3) triet tieu khi ¢ = 0, dpem.

Truong hgp 2: A; nhu trong (2.6).
Trong truong hop nay, cac diéu kien (2.2) noi rang

Prooy(t) = (t = M) (t = M),
va, do d;(By) =i v6i i = 1,2, 3, nén
Poo)(M) = 0(6%),  Pley(h) = O(¢?). (2.12)

Ap dung B6 dé 2.19(a) v6i m; = 3, ta nhan dude Py(p11) = O(C%),

AlP[¢(<)](<P1,1,§02,2) = 0(¢?), A*Py (@11, 92,2, 033) = O(¢). Do fg va, f:s co
mot khong diem don tai 0, va f4(0) # 0, nén day la cai chung ta can de cho
¢4, duge dinh nghia trong (2.4) triét tieu tai 0, véi 1 <1 < 3.

Truong hop 3: A; nhu trong (2.7).
Day la truong hop phiic tap nhat.
Trong truong hgp nay, cac diéu kién (2.2) noi rang

Py (t)

(t — A1)2(t — A3)?, (2.13)

va

Poj(M) = O(C%), Piyen(hs) = O(C). (2.14)
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Mot lan nita nhic téi (2.4), ta can chiing minh rang

Pryoyern) = O(¢%), (2.15)
APy (@11, 22) = O(C?), (2.16)
A? Pioon (@11, 922, 033) = O(¢?). (2.17)

Dé nhan duge diéu nay, ta can chon céc gia tri thich hgp cho ¢f,(0) va
90,272(0)-

Chitng minh (2.15).

Dat p11 = M +a, 22 = A1 +b, trong dé a, b la cac ham cta ¢ € D. Cha
¥ rang d'(0) = ¢} ,(0) va V'(0) = ¢} ,(0).

Giéng nhu trong chiing minh Bo dé 2.19(a), ta c6

Poy(er1) = A’ Puey(M + a)

= Pl (M) + Pl (M)a + Py g)](/\l) + 0(¢?).

Theo (2.14), ta c6 Py (M) = O(¢?), va Pl ;(A)a = O(¢?). Them nita,
tir (2.13), B (A1) # 0 tal ¢ = 0. Do do ta c6 the chon @'(0) nhu la mot
nghiém cua phlIdng trinh bac hai khong tam thudng dé lam triét cic hang
t bac hai theo (.

Chitng minh (2.16).

Nhu trong chitng minh B dé 2.19(a)

APy (9115 02.2) = APy (M + a, A + D)
a + b

= Pl (M) + Plog(M)—— + 0(¢?).
Ta c6 P,y (M) = O(() do A\ la ngPiém kép ctia Py, va P (A1) # 0
tai ¢ = 0. Do d6 ta c6 the chon ¥/(0) dé lam triét tieu cac hang tit bac 1 theo
.

Chidng minh (2.17).
LAy (11 V& @9 nhu da gidi thich & trén, ta ap dung Bo dé 2.19(b) véi
mi = my = 2, va ta thay rang

AQP[@(C)](%J, ©2,2, 903,3) = O(C2)

cho HlOl ©3.3 voi @373(0) = )\2. ]
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2.6.2 Truong hop n =25

Nhu trong truong hop n = 4, gia sit A; thita nhan it nhat 2 gia tri rieng phan
biet va A; khong cyclic, do d6 néi rieng 1a c6 it nhat mot gia tri riéng boi.

Néu A; thita nhan it nhat 3 gia tri riéng phan biét, A; sé thita nhan dang
Jordan stta doi sau

A 0 0 0 O
0 A = 0 0
Al = 0 0 /\3 * 0 s v6i )\5 7& )\1, )\3, )\4 (218)
0 0 0 N 1
0 0 0 0 X\s

trong d6 cac hoa thi biéu thi cho 0 hoic 1.

Gia st @(¢) nhu trong Ménh dé 2.17.

Do ta luon c6 ASP[¢(<)}(<P1,1,@2,2,803,3,904,4) =0at ( =0, va 54 =
— A3 P (1.1, 92,2, 03,3, Paa) tl (2.4), nén ta chi can xét cac sai phan chia
téi bac 2, va chiing minh sé gidng nhu trong truong hopn = 4. Diéu tuong
tu nhan duge khi A\ = A3 = Ay # As.

Do d6 trong truong hop nay, ta chi can xét truong hop ma A; thita nhan
ding hai gia tri rieng phan biét, mdi cai c¢6 boi it nhat 2. Do d6 A, thita
nhan dang Jordan stta doi sau:

A bs O 0 0
0 A by 0 0
Ai=l0 0 X 1 0 |,veirx#u (2.19)
0 0 0 pu by
00 0 0 pu

Néu c6 mot khoi cyclic doi v6i A hoiic u, tiic 14 biy = bys = 1 hodic bys = 1,
khi d6 ta c6 thé thay doéi thi tu cac vector co s dé dat khoi cyclic d6 & goc
phai dudi ciia ma tran va thu gon chting minh nhu trong truong hop n = 4.
Do d6 ta chi can xét truong hop ma hai khoéi nay 1a khong cyclic. Trong
truong hgp nay, A; thita nhan mot trong cac dang Jordan stta doi sau:

A0 000
0A00O0 O

Ai=l 00 x1 0|, (2.20)
000 u O
0000 u
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hoac
w0 0 0 0
0O 4w 1 0 0
A= 0 0 X 0 O
0 00 X1
0 00 0 A

Truong hgp 1: A; nhu trong (2.20).
Trong truong hgp nay, cac diéu kién (2.2) néi rang

Piacy(A) = O(), Py (A) = O(C%), P (N) = O(C)

and

Proo)) (1) = O(<2)7 P[/go(g)](ﬂ) = 0(().
Ta can phai chiing minh rang
Proo)(11) = O(¢Y),

AP (11, 022) = O(C?),
A? P (011, 02,2, 033) = O(C?),
A3P[<P(C)}(‘P1,la 022,033, P14) = 0(¢?).

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
(2.26)
(2.27)

Dé nhan duge (2.24), (2.25), va (2.26), ta sé can chon cac gia tri thich
hop cho ¢ 1(0), ¢5,(0), va @4 5(0). Chit ¥ rang ngay khi ta chon dugc céac
gia tri nay thi (2.27) sé tu dong thoa méan theo Bo dé 2.19(b), ap dung véi

mp =3, mg =2, vad=2.

Chﬁ’ng minh (224) Dat P11 = )\—|—CL, P22 = )\—{—b va ©3,3 = )\‘FC Nhu

trong chitng minh B6 dé 2.19(a), ta viét

Poon(p11) = AP (A + a)
2

a a
= Plo@)(N) + P (Na + P (M35 + Pl (N 57 + 0(¢H.

2!

T céc dieu kien (2.22), ta thay rang

a2
orde—g {Pmcn(k) + Fi(Ma+ B [i/p«)](A)g} 23

j(A) # 0 tai ¢ = 0. Do d6 ta c6 thé chon a’(0) nhu la mot nghiem

N /1!
va P[@(C

ctia phuong trinh bac 3 khong tam thuong dé lam triét tieu cac hang tit bac

3.
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Ching minh (2.25). Ta ¢6

A'Poy(p11,022) = A Poey(A 4 a, A+ b)

a+b a® + ab + b? 5
= Pl + Plao) (V) =55 + FloionN) ————— + 0(¢).

Mot 1an nita, ta chon b(0) dé lam triét tiéu cac hang ti bac 2.
Chitng minh (2.26).

AP P91, 922, 033) = A*Pui(A 4+ a, A+ b, A + ¢)

1 a+b+c 9
= PN gy + Hoo) (W) ——— + 0(&).

Mot lan nita ta chon ¢(0) dé lam triét tiéu cac hang ti bac 1.

Truong hop 2: A; nhu trong (2.21).
Trong truong hop nay, cac dicu kién 2.2 néi rang

P (1) = O(C%), Pl (1) = O(0), (2.28)

va
P[so(()]@) = O(C2), P[/w(g)]()\) = O(C), P{;(g)}()\) = O(C) (2-29)

Ta can phéi chitng minh rang

Poy(p11) = O(¢%), (2.30)

Al Poy(e11, 922) = 0(¢?), (2.31)
AP (9115 022, 933) = O(C?), (2.32)
AP (p11, P22, P33, 1) = O(C). (2.33)

Ching minh (2.30). Ta c¢6

Pryon(pr1) = APy (1 + a)
2
a
= Py (p) + P[/Lp(C)} ()a + P[i;(g)](/vb)j +0(¢%).
T cac dieu kién (2.28), ta thay rang

orde—o { Pip(o) (1) + Piooy(w)a} > 2



o1

va P oy (1) # 0 tai ¢ = 0, do d6 ta c6 thé chon @'(0) nhu 1a nghiém ctia mot
phuong trinh bac hai dé lam triet tiéu cac hang ti bac 2.

Chitng minh (2.31).

APy (011, p2.2) = APy (0 + a, o+ b)

_ p! 17 a + b
= Fioon (1) + Pigen ()

o +0(¢?).

Mot 1an nita ta chon ¥'(0) dé lam triét tieu cac hang tit bac 1.

Chitng minh (2.32). Didu nay 1a he qua tu dong tit (2.30), (2.31) va Bo
de 2.19(b).

Chitng minh (2.33). Nhu da nhan xét sau cong thiic (2.18), A3 Py (@11, 92,2, 03,3, P1.4)
ludn ludn triét tieu tai ¢ = 0.

2.7 Phan vi du cho cong thitc nang khi n > 6

Gia st ®(¢) dugc cho bdi cong thiic nhu trong Ménh dé 2.17, va ®(0) = Ay,
v6i A; duge mo ta nhu trong B dé 2.15. N6i rieng ta ¢d ¢,1(¢) = O(C), va
khi do

OrdC:O(P[go(C)](Sol,l)) 2 Ol“d(;:() Pn,1 + Ordczo(fgfg . fn)
> 1+ dm1 (Bl) -1+ Ord(=0(fm1+1fm1+2 <. fn) (234)
> dpy (By) + orde=o(fmy+1fmit2 - f)-

Dé tim mot phan vi du, ta sé tim mot tinh hudéng ma & d6 bat dang thic
trén khong xay ra.
Xét ma tran c¢d k sau

> O
o

A0
A

1
A

with A € D. Nhu thong thuong, ta hiéu la ¢6 nhing s6 0 ¢ nhitng chd ma
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khong mot hé s6 dau vao nao duge néi r6. Dt

A G
A ¢

B¢) = g' ¢
A

1

¢ A
v6i ¢ € D. Da thic dac trung cta né duge cho béi cong thic
Ppa)(t) = det(tl, — BMNQ)) = (t = \)F = ¢*1,

Tach n =k + 1 v6i k.1 > 3.

Xét ma tran
B
B = k
( BF)

B(¢) = <le<<>

Dat ¢(¢) = (m o B)((), ta cd

Plon(t) = Pr(o)(t) = Py () Pyra ) (1)

VOl Ay 7é Ay € D. Dat

Bﬁ?(@) ‘

Bay gio gia st 1a ta c6 thé tim thay anh xa nang ®({) & dang dudc phét bicu
& Ménh dé 2.17. Bat dang thic (2.34) cho ta wéc lugng

Do Py (O)(g1) # 0 tai ¢ =0,

ord¢—o Plp(o) (¢1,1) = ord¢—o Ppag (¢1,1)

= ord¢= {((,01,1 - Al)k - Ck_l}
=k —1.

Diéu nay cho ta mot mau thudn. Ta c6 thé nhan xét ring mién gia tri
ctia c6 thé khong nam trong G,. Tuy nhién, ©(0) € G,,, do d6 ta ludn luon
c6 thé tham s6 hoa lai ¢ bang cach thay ¢ béi e¢ v6i e dii nho.



Chuong 3

Bai toan nang anh xa tu da dia
déi xing héa cé diéeu kién dao
ham bac nhat

Trong chuong nay, chiing to6i tiép tuc nghién citu bai toin nang véi dao ham
bac nhat cho trude. Didu dé c6 nghia 1a ®(0) va ®’(0) nhan cac gia tri cho
truge. Cong viee nay cé thé duge coi la sy tiép tuc ciia cac nghién citu clia
ba tac gia [13] cho chiéu 4(cac tac gid d6 da xit 1y trudng hgp chiéu 3).

3.1 Phéat biéu bai toan

Nhéc lai rang 7: Q4 — G4 1a phép chiéu thong thuong (hay anh xa ddi xtng
hoa) (xem Dinh nghia 2.1). Cho By € 24 va By 1a mot ma tran vuong phiic
cap 4. Cho ¢: D — G4 la mot dia chinh hinh sao cho ¢(0) = w(By) va
¢'(0) = Drg,By, trong d6 Drp, la dao ham cia 7 tai By. Bo ba nhu thé
dugce goi la dit lieu, duge ky hiéu béi {¢, By, B: }.

Ta noéi dit lieu {p, By, B1} 1a nang dugce dia phuong néu ton tai mot
anh xa chinh hinh ®: w — Q4 trong d6 w la mot lan can cua 0 € C sao cho

p=mod trén w
d'(0) = By

Trong trudng hop nay, ta goi ® la anh xa nang (dia phuong) cta .

Bai toan 3.1. Cho {p, By, B1} la mét di liu. Tim cdc diéu kién can va di
doi vdi ¢ sao cho dit licu {p, By, B1} la nang dugc dia phuong.

93
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3.2 Nhitng thu gon dau tién ctia bai toan

Ta n6i rang hai dit lieu {p, By, B1} va {p, B, B{} 1a tuong duong néu ton tai

®(0) =B

céc anh xa chinh hinh ®: w — Q4 vd P: w — GL(4, C) sao cho <I>’<(0)) BO
= by

(P13 PY(0) =B Cha ¥ rang o khong tham gia vao dinh nghia
clia tinh tuong duong. Ta dé dang thay rang néu hai dit lieu tuong duong thi
tinh nang duge cia dit liéu nay kéo theo tinh nang duge cua dit ligu con lai.

Ta quan sat moi quan hé gitta (By, By) va (B}, By) mot cach chi tiét hon:
Dau tién, Ta c6 B = P(0)"'ByP(0), do d6 hai ma tran B, va B} 1a dong
dang. Diéu nay kéo theo rang hai dit lieu (p, By, B1) va (¢, C~1ByC, C~1B,C)
la tuong duong véi moi C € GL(n,C). Do d6 ta c6 thé gid sit By ¢ dang
Jordan, va ké tit bay gio ta luon gia sit diéu do.

Bay gio, gia si hai dit lieu (¢, By, B1) va (¢, By, B}) 1a tuong duong. Khi
d6 P(0) la mot ma tran giao hoan véi By. Thém nita,

Va{(leb-PXO) = B

By = P(0)™'B1P(0) + P(0)~' By P'(0) — P(0)~'P'(0)P(0)~" By P(0)
= P(0)"'BiP(0) + P(0)~' ByP'(0) — P(0)~'P'(0) B
( do P(0) giao hoan véi By)
= P(0)"'B,P(0) + ()(&P@—P@&)
= P(0)"'B,P(0) + P(0)"*[By, P'(0)] (3.1)

trong do [By, P'(0)] = ByP'(0) — P'(0) By la giao hoan tit thong thuong.
Do do, ta c6

~—_ —

)
)

~— ~—

Meénh dé 3.2. Hai dit lieu (p, By, B1) va (p, By, C~'B,C + C~Y[By, M]) la
tuong duong trong dé C € GL(n,C) giao hodn vdi By va M € C™" la ma
tran vuong bat ki.

Gié stt Sp(By) = {1, A, ..., \g} trong d6 cac \; 1a phan biét va

la dang khoi ctia By trong d6 Sp(By »,) = {A:i}. Nhéc lai ky hicu Py (t) =

Z?:O(—l)jgoj(ﬁ)t"_j trong d6 ¢y = 1 theo quy uéc tit Dinh nghia 2.8. Da
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thitc nay c6 thé phan tich thanh & nhan tit d6i mot nguyén t6 ciing nhau

P (t) = P[w](t)P[m](t) e P[cpk](t>

trong dé6 ¢;(0) = 7(Bo,,;) v6i moi j. Thém nita, néu ® 1a mot anh xa nang
ctia (i, By, By), thi Ker(P,, ))(®(¢))) la mot khong gian con bat bién clia ®
tai moi gia tri cua ¢ va

C" = D Ker(R, 01 (2())).

Diéu d6 c6 nghia 1a tinh nang duge dia phuong cia (¢, By, By) tuong
duong v6i tinh nang duge dia phuong mot cach dong thoi ctia & dit lieu méi
(@5, Bo,s Bia,)-

Vi thé ta chi can xét truong hop ma By c6 ding mot gia tri riéng va trong
truong hop dé, bang cach ap dung bién déi Mobius M+ (M —XI)(I—AM)™",
ta c6 thé gia st By liy linh.

Trong muc t6i, ching t6i trinh bay khai niém tich hop dé tuyén tinh hoa
cac ham dac trung o;(M) véi 1 < j <nva M e C*™.

3.3 Tich hop

Dinh nghia 3.3. Cho fi, f2,... va f, cic tu dong cau cia mot khong
gian vector E. Ta dinh nghia tich hop cua fi, fo,... va f,, ky hiéu bdi
A0 fo... O f,, 1a mot tu dong cau ciia A? E nhu sau.

Néu ey, e, ..., €, 1a vector trong F, thi
(O fa. Of)(ernen. . Aeg) = > sgn(0) filesm)Afa(eo)A- - Afg(€aig)-
0E€S,

Ching toi phat biéu mot vai tinh chat co ban ctia tich hop. Ta c6 thé
tham khéo [10] cho céc chiing minh.

Ménh dé 3.4. Cho E la mot khong gian vector chiéu n. Vi moi tu dong
ciu T: F — E ta ky hiéu Tr(T) la vét cia né. Cho f,g, f1,...,f;: E— E
la cdc tw dong cau.

(a) Ta cé

N———

m lan

Te(fO ... Of)=m!Tr (/\f) = mloy,(f)

trong do 1 < m < dim F.
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(b) Tich hop cta fi, fa, ..., fy khong phu thuoc vao thi tu cia fi, fa, ..., fq,
tic la

AORD...Of,=f0..0f

trong dé i1, i, .. .,1, la hodn vi bat ky cia 1,2,...,q.
(c)
(A0 ... 0f,01dO ... OMd)=C_, Te(f, O ... O fn).
| S ——
p lan
(d)
det(f +g) = Z 0...0f0g0... Og).

0 vV vV
p lan n—p lan

(e) Cho fi, fa,91,92: E — E la cac tu dong cau. Khi dé
(f1 O fa)o(gi Ogo) = (fiog) O (faog2) + (fioge) O (f2001).

Céc ma tran vuong ciing c¢6 thé coi la cac tu dong cau ciia cac khong gian
vector Euclid C”, do d6 tich hop cé thé duge dinh nghia cho cac ma tran
vuong. Do ta chii yéu thao tac véi cac ma tran vuong, nén ching to6i cung
cap mot k¢ hiéu méi. Dau tien, ky hieu C™" hoac C™*" 13 khong gian tat
ci cac ma tran phiic cap m x n.

Kij hiéu 3.5. Cho By, Bo, ..., By € C*". Thay viviét Tr(B; 0 B, O ... O By)
cho vét clia tich hop cta By, Bs, ..., By, ta sé st dung ky hieu

Bi-By-...-By.
Ta sé thuong xuyen bé qua cac dau cham, cu thé By B, ... By, do khong c6
cac phép nhan ma tran sé duge st dung.
Ching t6i trinh bay cach tinh cac dai lugng B1Bs ... B, v6i By, Bs, ..., By, €

C™™. Dau tién, cho 1 <4y < iy < ... <1, < n la diy so nguyén bat ky va o
12 hoan vi bat ky ctia {1,2,...,k}. Khi d6 ky hi¢u

(i1>Bg(1) ) (i2>Bg(2) e (ik)BU(k)

13 dinh thic clia ma tran vuong cap k c6 cot thi r duge cau tao tit cac he
$6 6 vi tri (ir,41), (ir,42), ..., (ir, k) clla ma tran By(,). Cudi cing, nhd cac
k¥ hiéu nay, ta c6 thé viét
BlBQ Ce Bk = E Z ’Ll B,y * ’LQ Byoy "t (Zk)Bg(k)'
1<i1<12<...<ip <n o €Sk

Ching t6i dua ra mot vi du dé minh hoa cach tinh toan.



57
Vi dll Cho A = (CLU) va B = (blj) G(Cg’?). Khi dé
A B=14-2+14-35+24-3p+1p-24+1p-34+2p - 34,

aix as
bs1 b33

aix a2

, VA tiép tuc nhu vay.
ba1 a2

trong d6 14 - 25 = , 143 =

3.4 Nhitng phan tich dau tién vé bai toan

Gié st dit lieu {y, By, B1} ¢6 nang dia phuong ®. Nhu trén, gia st By lay
linh. Ta nh#c lai cac s6 d; lien két v6i By ma da dude trinh bay trong Dinh
nghia 2.10. Cu thé, ky hieu (b;;) 1a céc he sd clia By (thinh thodng ta viét
(b; ;) néu c6 nhu cau tach biet hai chi s6), khi do dat

Fo={j: bj1;=0yU{l}
={bi=1<by<...<bs}

S6 s ¢ day 1 s6 cac khoi Jordan so cap ciia By.
Tiép theo, ta sdp xép cac khdi Jordan so cap ctia By sao cho bjyq — b;
tang voi quy udc bsyq = size(By) + 1 =n + 1. Khi do

Do dit lieu {¢, By, B} la nang dugc dia phuong, nén theo chuong trudc,

k .
PR (0) = O™ *) v6i 0 <k <n—1.

Nhimg P8 (0) = kloy k(= ®(C)) = (=1)" *klo, 1((C)) = (—1)" *klgn_4(C).

Do d6, dbéi v6i ma tran liy linh By, cac diéu kién c¢6 dang don gidn nhu sau

() = O(Cdk)~

Ky hieu ®*)(0) = By, 1a dao ham thit k ctia ® tai ¢ = 0. Ta biét 1a By, B,
dugc cho trude, do d6 cac ma tran khac By, 1a cai can tim. Mot cach tu nhién,
cac quan heé gitta cic By, nay bi chi phéi bdi cac diéu kieén clia ¢ tai ¢ = 0,
tic la cac gia tri cua dao ham ctia né 6 dé. Do do6 ching ta phai tinh cac dao
ham nay theo ®, tiic 1a tinh

dkz

d_Ck om(P(C))-

¢=0
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Ma ta da biét ti tich hop 1a

1 1
om(®)=—Tr(®0O...00)= —d-...-D.
m lan m lan
Theo luat Leibniz tong quat,
d" 1 k! . |
_ (1) (J2)
| @) == > 55— 0)3%)(0)..
dC ¢=0 m: St dar o im—k J1'720 - Im:
Ji=0
1 k!
= — — B, B, ...B; .
| Z S| I Bl S/ Jm
T otk T2 e
Ji=0
Hay néi cach khac,
1 k!
k() = — B. :
PO == > BB B

" jitgete A im=k
3i>0

Day 1a céc phuong trinh theo By v6i k > 2. Mot nghiem { By }r>o ctia
cac phuong trinh nay khong nhat thiét tao thanh mot anh xa chinh hinh dia
phuong ® quanh ¢ = 0. Diéu d6 c6 nghia 1a ta can phai xi 1y van dé hoi tu

cia nghiem. Chung toi sé ban diéu dé sau.

3.5 Cac truong hop cua B

Phét biéu céc két qua va chiing minh ctia Bai toan 3.1 sé dugc trinh bay theo
cac truong hgp ctia By, cu thé 1a theo dang Jordan ciia By. Do By liy linh

va khong cyclic!, nén c6 ba truong hgp can xét:

00 0O 00 0O
0010 0000
M Bo=1¢ 0 0 1 A Bo=14 o o 1
00 0O 00 00
0100
00 0O
M Bo=1y 9 o 1
\0 0 0 0/
I Trusng hop By cyclic da dugc xtt 1j trong bai bao ctia Huang, Marcantognini va Young

[12].
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3.6 Anh xa tuyen tinh lién két Lp, p,, cac dieu
kién va ludc do6 chiing minh
Cho {, By, B1} 1a mot dit liéu ciia bai toan nang. Nhu ching toi da ly luan

trude do, ta co thé gia sit By 1a liy linh va c6 dang Jordan. Ky hieu d; 1a céc
so lien két véi By. Vi du, néu

By =

o O OO
o O OO
o O = O
o= O O

thid1:d2:d3:1v3d4:2.

Néu ¢ nang duge dia phuong, thi ¢(0) = (0,0,...,0) € C*. Ta sé quan
tam ¢ day truong hgp tong quat trong dé n la ¢d clia ma tran By. Nhung
chiing t6i chi c6 thé dua ra cac chiing minh cho trudong hop n = 4 trong céc
muc tiép theo.

Ta biét tit Chuong 2, diéu kién nay kéo theo rang

(k) _ dn—k
Py (0) = O(¢™ )

v6i 0 < k <n—1. Nhung vé trai 1a k!(=1)""*p, (¢), nén ta nhan dugc céc
diéu kien don gian
pi(() =05 véi1 <j<n. (3.5)
Cac diéu kién nay cho mot hé qua nhu sau.

Hé qua 3.6. Gid st By € C™" liy linh va dy, . ..,d, la cic so lién két cia
no. Voi My, Ms, ..., M, € C"™ va d; > k + 1, ta luon co
BOBO-'-BOMlMQ---Mk :O
—_————
i—k lan

Nhic lai ring ta luon c¢6 By 1a dao ham thit &, hay ®*)(0), clia anh xa
nang ®. Nho Hé qué 3.6, cac phuong trinh tai (3.4) c¢6 dang

m_djﬁ lan dm—Jilén
(k+dyn — 1) ByBy... By BiBy ... B By,
k! (m — dp)!(dp, — 1)!

pUtam=1)(0) =
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trong dé cac dau cham bicu thi cho céc hang ti chi phu thuoc vao B; véi
i < k. Diéu nay goi ¥ 1a ta nén sip xép cac phuong trinh tai (3.4) thanh cac
nhém gom n phuong trinh. Cu thé la dat

k+di— k4-do—
P (1) P (1)

%W:{%+&in%”.%+dy—n’%+&Xk+m“.%+dy—n“”

S+=1) ()
k+D)(k+2).. (k+d,—1) [ (3.7)

Khi d6 vé trai ctia cac phuong trinh ctia ¢ (3.4) bi 4p dit bdi cac gid tri clia
dao ham thit k£ ctia anh xa ¢, v6i moi k > 2, chinh 1& X, v6i £ > 2 (nhan xét
la v6i k=0, va 1, By va By da dugce cho trude).

Chiing ta mo ta vé phai clia cac phuong trinh d6. Xét dnh xa tuyén tinh
sau Lp, g, : C"™ — C" trong d6 toa do thi m cla Lg, g, (M) véi M € C™"
dugce dinh nghia béi cong thiic

m_djf lan dm—Jl lan
‘BoBy...By BB, ... B, M
(m — d)!(dyy — 1)

Ta goi 4nh xa Lp, p, nay la dnh xa tuyén tinh lién két v6i bai toan nang
(hoac véi dit lieu {¢, By, B1}).
Bay gio ta quan sat X v6i £ > 2. Nhan xét

%k = LBO,B1(Bk) + ...

trong dé cac dau cham biéu thi cho céc hang ti& chi phu thuoc vao B; véi
1 < k.

Ta nhan xét 1a néu rank(Lp, p,) = n, tic la Lp, g, ¢6 hang cuc dai, thi
ta c6 thé tim thiy mot day {By}r>2 1 nghiém ciia cdc phuong trinh trong
d6 By can phai duge tim trude Byy.

Tuy nhién, diéu nay khong ddm béo su hoi tu ctia chudi Y-, %C k¥ trong
khi dic¢u nay la can thiét cho viéc ® chinh hinh trong mot lan can ctia ¢ = 0.
Ta sé ban vé diéu nay trong mot 1at nita.

Ta nhan xét 1a néu rank(Lg, g,) < n, thi diéu nay cho ta mot quan he
tuyén tinh gitta cac dai luong ciia X;,. Cu thé 1a By, c6 theé bi triet tieu khoi to
hop tuyén tinh nao dé ciia cdc vé phai cia (3.4) dé san xuat ra cac phuong
trinh khong phu thudc vao By, tic la chi phu thuoc vao By, By, ..., Br_1.
Nhan xét 1a ta xét By, Bs, ..., nhu la mot chudi ciac thong tin ma trong dé
By._1 1a thong tin biét truée thong tin By. Khi k& = 2, diéu nay cho ta cac
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diéu kién can cu thé vé ¢, va day chinh 1a cdch ma céc tac gia trong [13] da
nhan duge cac diéu kién can.
Trong truong hop ma rank(Lg, 5,) < n, mot vai dai lugng clia X, khong

¢6 su tham gia cua By, vi du, gp&ker"_l)(O). Vi thé viéc xét cac dao ham tiép

theo la tu nhién, vi duy, go,(@Hd")(O) cho t6i khi n6 phu thudc vao By nhung
khong phai phu thudc vao By,;. Bang cach nay, ching toi thyc té da thay

Lp, g, b6i mot anh xa méi Lp, g, p, ma By tham gia vao trong dinh nghia

cia Lp, p, B, nhung khong c6 By, nao khac véi k > 3. Anh xa méi Lp, p, B,

nay phai c6 hang cuc dai.
B
o

hoa ra ciing khong quéa kho khan: néu ta c¢6 thé tim duge mot nghiem{ By}
c6 dang By, 1a cdc ma tran chi gom ding mot dong khac 0, thi sy hoi tu duge
dam bdo, do day Bj, sé bi chi phdi bdi mot quan hé hoi quy tuyén tinh va ta
c6 thé danh gia dude chuan ciia ching.

bé lam diéu nay, ching t6i phai tim mot ma tran By thich hgp sao cho
han ché ctia L, p, p, 1én khong gian con ctia C™", gdm céc ma tran c6 dung
dong cudi khac 0, ¢6 hang cyc dai, titc 1a ¢6 hang bang n.

Chttng minh khi d6 chtt yéu 1 ki thuat tinh toan va rat dai dong.

Tuy nhién, ta van con van dé vé sy hoi tu ctia chudi Y-, 2£¢*. Diéu nay

3.7 Trudng hop thi nhat ciaa B

Trong muc nay, chting to6i sé trinh bay cic két qua va chitng minh trong
truong hgp ma

B():

o O O O
o O OO
O = O O

S O = O

Day 1a truong hop dé nhat trong ba truong hop vi By chinh quy nhat.

Gia st ta co6 dit lieu {p, By, B1}. Dau tién chting ta phai tim dugc cic
diéu kien can dé cho dit lieu nang duge dia phuong. Cho ® la mot anh xa
nang dia phuong. Nhic lai rang chiing ta luon ky hiéu By 1a dao ham thi &
ciua @ tai ( = 0.

Luon quan t6i cac hé s6 clia By, ta ky hiéu ching nhu sau: B; luon duge
kg hicu 1a (b;), con véi k > 2, thi By = (b§§)> .

Do ¢(0) = (7o ®)(0) = m(By) = (0,0,0,0), ta ¢ cac dieu kien can dau
tién la

©1(0) = ¢2(0) = ©3(0) = ¢4(0) = 0.
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Tiép theo, ta xét dao ham thi nhat ¢'(0) = (7 o ®)'(0) = Drg,B;. Ta
thu dude tap hop thit hai cac diéu kién can

4(0) = BoBobeBL — ),

Tiép tuc t6i dao ham thit hai ¢”(0), ta thay rang chi c6 ¢ (0) bi tac dong
béi By, By, con cac toa do khéac chiu tac dong cta By, By, Bo. Ta thu duge
diéu kién can

bin b1z b1z buy
ByByB1 B 0O 0 1 0

" _ _
(0) = —— 2l0 0 0 1
byr bap byz by

bll b12

=2 .
byr bao

Tiép theo, ta tinh dao ham thit k-th clia ¢ tai ¢ = 0 dé nhan duge anh
xa tuyén tinh lien két Lp, 5,. Nho (3.4), v6i k > 2 ta c6

#M(0) =01(By), 3.8

o (0) =ByBi + . . ., (3.9)
BoBo By

2 (0) == , (3.10)

$900)  ByB,B: By, (311)

k+1 2 )

trong doé cac dau chadm biéu thi cac hang tit chi phu thudc vao B; véi
i < k. Do d6 anh xa tuyén tinh lien két Lp, g, dugc dinh nghia bdi

ByBoM BoByB1M
C4749M'_>LBO,51(M):(UI(M)aBOMa 00 00t )

2 2

Ching toi liét ké cidc hé s6 clia 4nh xa nay theo cac hé s6 dau vao clia
M = (m;j)1<i j<4 trong bang sau.
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Bang 3.1: Bang hé s cho anh xa tuyén tinh lién két

o1 (M) | BoM BOB;OM BOBOQBlM
mi 1 bas
M1 —by
mis3
mi4
may
Mmoo 1
Ma3
Moy
ms1
ma32 -1
mgz3 1
M3y
o —b1a
Tiép theo & trang tiép
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Bang 3.1 — tiép tuc tir trang trudc

o1 (M) | BoM BOB;OM BOB(;BlM
M4 1 b1
My3 -1
May 1

T bang nay, ta thiy rang c6 hai truong hop vé hang ctia L, p, nhu sau.
o rank(LBO’Bl) = 3 khi va chi khi blg = b41 = b42 =0.
[ J rank(LBOBl) = 4 khi va chi khi blg hOE%C b41 hOElC b42 khac 0.

Tiép theo, chiing to6i liet ké mot vai thong tin hitu ich ma sé duge ding
sau nay, vi du nhu giao hoan tit v6i By. Nhéc lai riing ta c6 thé thay thé B;
béi By — [By, M| (xem Meénh dé 3.2).

Bang 3.2: Cac théng tin hitu ich vé B,
va dao ham thit nhat cta ¢ tai ( =0

d1:d2:d3:1,d4:2

Sy

o

I
cooco
o~ oo

o O O O
o O = O

0 0 —Mi2 —mis
m3z1 M3z Mgz — Mg MMg4 — Ma23
Ma1 My Mgz — M3z Mgg — N33

0 0 —My2 —1M43

[B(),M] - B()M—MBO -
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* x 0 0
Béi dong trén, ta c6 thé gia st By = 8 : 2 8
k ok ok ok
©1(0) = 2(0) = 93(0) = 4(0) = 0
©1(0) = o1(B1)
©5(0) = By B,
G - e
I I
©1(0) = o1(B2)
©5(0) = BoBs + 205(By)
ByByB
©5(0) = ’ 20 2 + ByB, B,
ByByBB
Aoy =

Ching toi trinh bay cac két qua tuong tng véi mdi truong hgp vé hang
ctia Lp, p, trong hai muc con t6i.
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3.7.1 Truong hgp rank(Lp, p,) =3

Trong truong hop nay, bys = by = bge = 0, do d6
0
B, =

* O O O

0
*
*

o O O *
S % % O

Tu Bang 3.1, su kién rank(Lp, 5,) = 3 tuong duong vdéi viéc

BoBoB1M BoBoM
2020217 02 L Pl 20 : (3.12)
Néu ¢ nang dugc dia phuong, thi 208082 = 1(0)— By By By va Zefofilz —

(0 s
“043( ) _ BoBiBiBL Piéu nay kéo theo

QOZ,(O) BOBlBlBl

3 3 = bll (gOg(O) — BoBlBl) .

Chiing toi phat biéu dinh ly.

Dinh 1y 3.7. Gid st rank(Lp, p,) = 3. D liéu {p, By, B1} nang duoc dia
phuong khi va chi khi cdc dieu kién sau duge théa man

(i) ©1(0) = p2(0) = @3(0) = ©4(0) = 0,

i BoBoB
(i}) @1(0) = 1(B1), $4(0) = BoBy, ¢(0) =~
ByByBB
(iii) @4(0) =0, ¢j(0) = ———— =0,
. an B B.B.B
(iv) %043( ) bgl(0) = BBABBy by,

Chitng minh Dinh 1y 3.7 Céc diéu kién can dugce chiimg minh ngay trudc
phat biéu dinh 1. Do d6 ta chi con phai chiing minh ring ching la cac diéu
kién du.

Dé lam diéu nay, ta sé tim By, véi k > 2 ma théa man céc phuong trinh
(3.4).

Do rank(Lpg, p,) = 3, ta phéi thay thé n6 bdi mot anh xa mdéi Ly, g, B,
c6 cac tinh chat thich hop. Dé lam diéu do, ta phai tinh dao ham ¢! (0)
véi k > 3.
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k+2 kE+1)(k+2
P (0) = &&&mH+L—%—J&&&m
k+1)(k+2
L E )&&&m+m(ma

trong d6 cac dau cham biéu thi cac hang ti chi phu thuoc vao B; véi i < k.
Tuong tu ta co

_ BoBoBin

k+1
@5 () :

+ (k+1)ByBy1 By, + . .. (3.14)

trong d6 cac dau cham biéu thi cdc hang ti chi phu thuoc vao B; véi i < k.
Ta suy ra tur (3.12) riang

AP0 o)
Gk+Dk+2) " Ek+1
ByB, BB, ByByByB
_( 0 121 ko Do 042 k—bllBoBlBk)+~" (3.15)

trong d6 cac dau cham biéu thi cac hang ti& chi phu thuoc vao B; véi i < k.
Dat

ByByM ByB1ByM  ByByByM
2 7 2 * 4

LBO,BLB2(M) = (JI<M)7 By M, — bllBoBlBk> .

Ta chiing minh ring, véi k& > 2, ta c¢6 thé tim thiy B;, théa man cac
phuong trinh (3.4) sao cho By, ¢6 dang

By =

*x O O O
* O O O
* O O O
* O O O

v6i k > 3.
Dé lam diéu nay, ta phai tim B, sao cho hang ciia han ché ctia 4nh xa
Lpy,p,,3, len

0 0 0 0
4 44 . B 0 0 0 0
C*=<MecC M = 0 0 0 0

Mgy My M43 My
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bang 4. Do hé s6 clia toa do thi tu ctia Ly, p, 5,(M), trong d6

0 0 0 0
0 0 0 0
M= 0 0 0 0|’
Ma1 MMy Mys MMyy
b(2)
do6i v6i my; bang —172, nén hang ctia han ché nay bang 4 khi va chi khi

b # 0.
Ta liet ké bon phuong trinh lien quan téi Bs

1(0) =01(Ba), 3.1
©5(0) =By By 4 203(B1), 3.17)
ByByB

5(0) == 20 2 + ByB1 By, (3.18)
4

P0) e (0) _
> B;B% ByByByB (3.19)

_ 0 121 2+ 0 082 Z—bllBoBlBg.

Néu ta cb dinh céc gid tri b véi (i,7) & {(4.1), (4,2), (4,3), (4,4)} trong
d6 b2 = 0, thi bén phuong trinh (3.16)-(3.19) tré thanh mot hé Cramer bén
phuong trinh tuyén tinh theo bfﬁ), bg), bg) va bﬁ). Do dé, chung cho ta Bs
voi b2 £ 0.

V6i By ¢6 dinh nay, cac phuong trinh (3.4) tuong duong véi day cac he
phuong trinh ma c6 vé trai

(k+2) (k+1)
@ 0 P 0
{Sogk) (0)7 Sogk) (0)7 Sp(k) < ( ) - bll 3 ( ) } .
k>2

S (k+1)(k+2) k+1

Cac hé phuong trinh sau 13 cac hé bon phuong trinh tuyén tinh theo

By, =

* O O O
* O O O
* O O O
* O O O

va ¢6 hang 4, do d6 ching giai dugc.
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Tiép theo, ta chiing minh rang cac ma tran Bj, ma ching ta da tim thay

tao thanh mot anh xa chinh hinh ® quanh ¢ = 0. Dé lam diéu nay, ta can
phai uéc lugng

) Be
kI
Dau tiéen ta viét
k
wéki(o)
') (0)
o (0) = Lp,.B,.B,(Br)+a(By, By, ..., By_1) v6i k >3
k+2 k+1
£ 2(0) )
(k+D)(k+2) 7 k41
trong d6 a(By, By, . .., Br_1) 1a mot biéu thiic phu thudc vao By, By, ... va
Bj_;.

Hai la, ta lam 1o Oé(B(), Bl, ceey Bk—l)- Vi dU_, ky hléU_ 063(30, Bl, ceey Bk—l)
la toa do thit ba cua a(By, By, ..., Bg_1). Ta sé lam r6 hang tit nay. Ta c6

ByByB
03(Bo, By, By) =i (0) - B

k! ByBy By,
=— - B. B, B, — ———.
| Z 1) T2
3! P Jilgal o gm! 2
7i=>0

Do By la ma tran c¢6 ding mot dong khéac 0 v6i £ > 3, nén moi hang ti
c6 dang B;B; By, v6i j, k > 3 déu bang 0. Do d6

ByByB
O{g(Bo, Bl; e >Bk—l) :épék) (0) — M

2
ByBy By, B4 By By
— K\ By By ——— 4+ k| By—2
SRy T N T P
k! By By Bis  KkK'ByBy By,  ByByBy
— BB —*2_ 4 kIB —> ULhat e -
MR 1(k—2)!+k k=3 22 2 (k-4 2

1 1
=k! (UOUlUk—l + UoUsUk—2 + §U1U1Uk—2 + U1UsUk-3 + §U2U2Uk—4>
trong do U; = %
Vi thé

By, By,...,B;_ 1 1
as(Bo, 11;, 2k 1):UOUlUk—1+UOU2Uk—2+§U1UlUk—2+U1U2Uk—3+§U2U2Uk—4-
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Nhic lai rang ta c6 thé coi Uy € C* v6i k > 3. Giai phuong trinh (3.20)
theo Uy, ta nhan ducc

¢$(0)
k!

1 1 1
éUoUon = — (UoUlUk_l + UgUsUy—2 + §U1U1Uk_2 + U1 UUg—3 + QUgUgUk_4> .

Ta lap luan tuong tu ddi véi cac toa do khac ctia L, g, p,(By), khi do ta
nhan duge

LBQ,Bl,BQ(Uk> — +A1(Uk—1)+A2(Uk_2)+. . .+A6(Uk_6)

k+2
i

(0)

k+1
A

(0)

— V11

| (k+2)! (k+1)! ]

trong d6 A; la cac anh xa tuyén tinh ¢ dinh tit C* vao C*.
Do hang ctia han ché cta Lg, g, B, lén

0 0 0 0
0 0 0 0
4 _ 44 . _
Cr=<{MeC*”* : M 0 0 0 0
My Myo 1My3 Tyy

bing 4, ta c¢6 thé coi Lg, p, B, 12 mot ding cau tuyén tinh ctia C*. Suy ra

i (0 T
)
w5 (0)
k!
Uk = Lgé,Bl,Bz wé’ZI(O) + Al(Uk_l) -+ AQ(Uk_Q) + ...+ A6<Uk_6)
ORI Sl ()
L (k+2)0 (k1)

Do ¢ chinh hinh trong dia don vi,

©®)(0)
!

k

<1

lim sup
k—oo

|

Diéu nay c6 nghia l1a ton tai mot hiang sé6 duong C' sao cho

HdW@

k
0]
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v6i moi k.

Ta can phai ching minh lim sup;,_, ., ¥/||Ug|| 12 hitu han. Diéu nay sé duge
thiic hien bang quy nap theo k. Ta phai tim mot hing s6 duong M sao cho
Ukl < M* v6i moi k. Gia sit ta c6 mot hing s6 M sao cho ||Uj]| < M! véi
[ <k — 1. Khi do, theo quan hé hoi quy, ta thay riang

Ukl < D [Ck+2 +F (Mk_1 + .+ Mk—G)]

trong d6 D va E la cac hing s6 phu thuoc vao cac chuan ctia A; va Lp, g, B,-
Do d6 néu ta chon M du 16n thi ta sé c6 ngay lap tiic

U] < M*,

diéu nay chitng minh rang cac ma tran B, thuc sy tao thanh mot ham chinh
hinh quanh ¢ = 0, hay mot 4nh xa nang dia phuong ctia . Ta két thic ching
minh Dinh 1y 3.7.

3.7.2 Truong hgp rank(Lp, p,) =4

Dinh 1y 3.8. Gid st rank(Lp, p,) = 4. D@ lieu {p, By, B1} nang duoc dia
phuong khi va chi khi cdc dieu kién sau duge théa man

(1) ¢1(0) = ¢2(0) = ¢3(0) = ¢4(0) = 0,

i ByByB
(ii) £,(0) = o1(By), ©4(0) = ByBy, ¢4(0) = —° 20 3
ByByB,B
(iii) ¢4(0) = 0, @f(0) = =—T==+ =0,

Ta nhan xét rang cac diéu kien dugce phét biéu 6 trén dude thda méan mot
cach hién nhién. Ching bao gdm ¢(0) = 0, ¢/(0) = Drg,(B;) va mot didu
kien phu vé ¢/{(0) nho tinh toan triyc tiép.

Ching minh Dinh ly 3.8 Cong viéc con lai 1a chiing minh cac diéu kién
nay la di. Ching ta cé ba trusng hgp con: bys hodic by hodc by khéac 0(xem
trang 64).

Néu byy # 0, ta c6 thé tim duge By ¢6 dang

By =

* O O O
* O O O
* O OO
* O O O
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v6i k > 2 théa man cac phuong trinh ctia ¢ (3.4). Su hoi tu clia nghiém duge
chting minh giéng nhu trong chiing minh truée.
Néu by # 0, ta c6 thé tim duge By, c6 dang

By =

o O O O
* K K ¥
o O O O
o O O O

v6i k > 2 théa man cac phuong trinh (3.4).

Bay gio ta xét truong hgp con ma by # 0 va by = bys = 0. Trong tinh
hudng nay, ké ca c6 rank(Lp, p,) = 4, khong c¢6 gi ddm bao ring hang ctia
han ché ciia anh xa dé lén

0 0 0 0
0 0 0 0
4 _ 44 . _
C={MeC*” : M= 0 0 0 0

My MMya 1NMy3  Tyy

bang 4, do do ta can phai thay thé 4nh xa d6 bang anh xa méi L, p, p, O
han ché len

0 0 0 0
4 44 4,1 O 0 0 0
CC=<{MecC"™ : M= 0 0 0 0

My Mya 1My3  TNyy

dat hang cic dai sao cho ta c6 thé tim duge mot nghiem hoi tu { By }r>1. Dé

lam didu d6, ta can xét o2 (0) thay vi o™ (0). Ta ¢6

ByByB1 By
2

+@+4xk+m<

PL0(0) = (k +2)

ByB1 BBy, | ByByB:B
011k+002k)+ (320)

2 4

trong d6 cac dau cham biéu thi cac hang ti chi phu thuoc vao B; véi i < k.
Gia st

By =

* O O O
* O OO
*x O O O
*x O O O
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v6i k > 3. Khi do6
BOBOBlBkJrl = bllBOBOBkJrl vii k Z 2.
Do

ByByB
o) = %’““ + (k 4+ 1ByBB. + ... (3.21)
trong d6 cac dau cham biéu thi cac hang ti chi phu thuoc vao B; véi i < k.
Suy ra

AT 0)
k+D(E+2) " k1
ByBiB\B,  ByBoBsB
:( 0 121 ko Do 042 k—bllBoBlBk)+--~ (3.22)

trong do cac dau cham biéu thi cac hang tit chi phu thuoc vao B; véi i < k.

Do d6 anh xa méi Lp, , p, giong anh xa trong chuwgns minh ctia trudng
hop rank(Lg, p,) = 3. Nhung su khac biét trong tinh huéng nay 1a ching ta
¢6 thém mot phuong trinh theo Bs, tiic la ta ¢6 nam phuong trinh lién quan
téi By. Do la

90,1/(0) :01(32)> 3.23
¢5(0) =ByBy + 203(By), 3.24)
B,B,B
3(0) == 20 2 + BB By, (3.25)
©/(0) ByByB1By ByB1BB;
_ 3.26
3 9 * 3 (3.26)
A0) e (0) _
4 B ;B ?23 By By B, B (3:27)
_ 0 121 2+ 0 082 2—[)11303182.

Nhu trong chting minh truée, ta c6 dinh cac gia tri cta bz(?) véi (i,7) &
{(1,1),(4,1),(4,2), (4,3),(4,4)} sao cho ndm phuong trinh tré thanh mot
hé Cramer nam phuong trinh tuyén tin\h theo bﬁ), bﬁ), bfé), /bfé) va bﬁ) . Su
thodi méai cta viéc chon nay dam bado rang hang cua han che cua Lp, g, 5,
lén

0 0 0 0
4 44 . B 0 0 0 0
C*=<(MecC M = 0 0 0 0

Mgy My M43 My
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bing 4. Ta két thac ching minh Dinh 1y 3.8.
3.8 Truong hop thw hai cua By
Do

BOI

o O OO
o O O O
o = O O

o O O

nén cic sdo lien két la dy =dy =1 vads = dy = 2.
Anh xa tuyén tinh lien két ctia ta la

ByByB{ M
Ly, (M) = (al(M), BoM, ByB; M, L)

2

v6i M € C**. Ta c6 cac bang sau.

Bang 3.3: Bang hé s cho anh xa tuyén tinh lién két

o1(M) | BoM | BoBi1M w
mi 1 D
mi2
my3 bay
mig
Moy —1 | —(bsg + bas) bas
Moo 1 D
Mo3 bay + bao by
Tiép theo & trang bén
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Bang 3.3 — tiép tuc tir trang trudc

o1(M) | BoM | BoBiM w
e biy
msi bos
msaz
mss 1 by
M3
na bis + bay by
e bas
MMas =1 | (b1 + b22) boy
My 1 by

Bang 3.4: Cac théng tin hitu ich vé B,
va dao ham thi nhat ciia ¢ tai ¢ =0

dlzdzzl;d3:d4:2
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Moy Mg —M11 Moz Mg — T3

. . e 0 —-m 0 —-m
Giao hoan tit [By, M] = 21 2
M4y Mgz — 31 M43 Myq — N33
0 —mMy1 0 — 71143
x 0 % 0
< ~ P 2 .o ok ok ok
Theo dong trén, ta c6 the gia st B; =
* 0 % 0
x x % %

gOg(O) = BoBlBl
©7(0) = ByByB1 B4
©7(0) = o1(Bsy)
©5(0) = ByBs + 205(Bs)
n
0
S033( ) = BOB1B2 + 20’3(B1)
¢ (0) ByByB1By  ByB1B1B;
3 B EE

Giéng nhu trudng hgp thit nhat ctia By, ta c6 thé xit 1y bai toan theo
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hang ctia Lp, p,. Trong truéng hop nay, hang ctia Lp, g, ¢ thé nhan gia tri
trong {2, 3,4}.
3.8.1 Truong hgp rank(Lp, p,) =2

Quan sat Bang 3.3, ta suy ra rang hang ctia Lp, p, bang 2 khi va chi khi cac
diéu kién sau dong thoi duge théa man

(i) bar = bog =0,
(i) byg = b9y =0,
(iii) by + bog = b33 + bug,
(iv) b31 + bag = bz + bag = 0.
Dat by + bag = b3z + bas = a. Suy ra véi M = (my;) € C+, ta c6
BoB1M = —amg; — amys = aBgM.

Néu ¢ nang dugc dia phuong, thi ta sé c6

n
0
903; ) BB\ By + 204(By), (3.28)

05 (0) =By By + 2049(By). (3.29)

Do dé6
©5'(0)

—203(B1) = a[py(0) — 202(B1)] -

Thém nfra, do b41 = b23 = b43 = b21 = O, nén ta co BQBoBlM = 0 véi
moi M € C**. Ta suy ra

QOZ,(O) = B()BlBlBl.
Bay git ta c6 thé phat biéu két qua.

Dinh 1y 3.9. Gid st rank(Lp, p,) = 2. D@ lieu {p, By, B1} nang dugc dia
phuong khi va chi cac dieuw sau duge théa man

(i) ©1(0) = ©2(0) = ©3(0) = ¢4(0) = 0,
(i) ¢©1(0) = o1(B1), ¥4(0) = BoBu,
(iii) ¢3(0) = ¢4(0) =0,
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(i) ¥5(0) = BoB1Bu,

b?l b23

et (]7
b41 b43

(1) 4(0) = BB

(vi) ¢}'(0) = ByB1B1 By,
(vii) FE0 — gl (0) = 205(By) — 2a03(B)).
Chitng minh Dinh ly 3.9 Cac diéu kién can dugc chiing minh ngay trude
phét biéu ciia dinh 1y. Bay gio ta sé ching minh ching la di.
Ta sé& xay dyng mot anh xa nang dia phuong ® ma ®*)(0) = By, ¢6 dang

0000

0
By, = 0
*

* O O

0
0
*

*x O O

v6i k > 3, va ta sé thay thé Lg, g, b6i Lp, , p, sao cho han ché ctia Lg, p, 5,
lén

0 0 0 0

0 0 0 0

0 0 0 0

My Mya 1My3  TNy4

C'={MeC*" : M=

c6 hang cuc dai.
Véi k > 3, ta co

P (0) =By By + (k+ 1) BBy + ... (3.30)
o82(0) =(k + 2) By By Bisy
ByByB B1BB (3.31)
ByByB>B, ByB1B1B
PI20) =(k +1)(k +2) < e k) + (3.32)

trong d6 cac dau cham biéu thi cac hang t& chi phu thuoc vao B; véi
1< k.
Ta nhan duge

A0 ) <BoBgBk | BiBiB

B 2 2

—aBB
G+Dk+2) k1 a1 ’“)+

(3.33)
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Anh xa mdi Lp, B, B, s¢ dugc nhan tt cac phuong trinh trong (3.4) véi
cac vé trai

{m(o) ), A0 ) el }

¥1 %)

(k+1)(k+2) F+1 0 (k+1)(k+2)
Cu thé la
BoBsM — BiB,M BoBoBsM — ByBiB,M
b 001 (e BB BB Bl B

Nhéc lai rang ta can phai tim thiy B, sao cho hang ctia han ché cua
Lpy.5,.5, 1én

0 0 0 0
4 44 . B 0 0 0 0
C*=<MecC M = 0 0 0 0

Mgy My M43 Mag

biang 4, dé By, c¢6 dang

By =

*x O O O
* O O O
* O O O
* O O O

Ta liét ké bon phuong trinh lien quan téi Bs.

¢1(0) =01(B2), (3.34)
(O) B()BQ —I— 20’2(B1) (335)
(4) ///
©3 (0) (O) B[)BQBQ BlBlBQ
—abB1B .
12 3 1T 2 abb, (3:36)
(4)
0 ByByByB ByB1B1B
@412(): 0 08 2 2+ 0 121 2' (3'37)

De tlm duge By théa man bén phuong trinh trén, ta ¢6 dinh cac gia tri
clia b voi (i,7) € {(4,1),(4,2), (4,3), (4,4)} sao cho bén phufdng trinh trén
tro thanh mot heé Cramer boén phuong trinh tuyen tlnh theo 641 , bfg), b(3 Va

b44 Su thoai mai trong lua chon cua 623), bl3 va b dam bao rang han ché
cia Lp, g, B, lén C* ¢6 hang cuc dai.
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3.8.2 Truong hgp rank(Lp, p,) =3

Hang ctia Lp, p, bang 3 néu nhiing diéu sau xdy ra dong thoi
(i) bas3 = by =0,
(ii) bay = bys,

(111) b11+b22 7é b33—|—b44 hOéC b31+b42 7é 0 hOéC b13+b24 7£ 0 hOé,C b21 = b43 7& 0
(tuong ting v6i bon truong hop con).

Dit by, = bys = k. Trong trudng hgp nay, ta c6 thé phat biéu két qua
nhu sau.

Dinh ly 3.10. Gid si rank(Lp, p,) = 3. D lieu {p, By, B1} nang dugc dia
phuong khi va chi khi

(i) ¢1(0) = p2(0) = @3(0) = ©4(0) = 0,

(i) ¢1(0) = o1(B1), ¥5(0) = ByBy,

(iii) ¢3(0) = ¢3(0) =0,

() 3(0) = ByB1 By,

(1) GH(0) = Bl — g |2 D8
41 43

(vi) ¢'(0) + 3kph(0) = BoB1B1 By + 6k03(By).

Chitng minh Dinh ly 3.10 Céc diéu kién can dugdc chitng minh theo cach
tuong tu nhu trong ching minh trude. Do rank(Lp, 5,) = 3 nén ta can phai
thay anh xa nay bdi anh xa mdéi Lp, g, B,, cai s¢ dudc nhan tit cac phuong
trinh vai vé trai 1" (0), o500, o8 (0) va ().
Nhic lai rang véi M € C**,
ByByB1 M

9 = —KJB()M.

Ta lam 16 cac phuong trinh.

Bo By By By.11
2

+(k+1)(k5+2)(

P 2(0) =(k +2)

ByByB>B),  ByBiB,B
0042k+0121k)+

o =By Byyy + (k+1)B By + . ..
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Suy ra
A0 @)
(k+1)(k+2) k+1
ByByByB), ByB,B,B
:( 0 042 D 121 k+/{B1Bk)+... (3.38)

Hang tit tuyén tinh theo B trong ngoac trén la toa do thi tu cla
Lp,.5,.5,(Br). Toa do thit ba sé t6i tit o (0).

Nhung dau tién, ta gia sit big 4 boy # 0. Khi d6 ta khang dinh c6 thé tim
dugec mot anh xa nang ® ma By, ¢6 dang

0000
0000
&_()000
ko ok ok ok

vii k > 3.
D& lam didu nay, ta tih ¢ (0).

B,B,B, B,B\B
gpg’“”)(O):(k+2)BOBlBk+1+(k+1)(k+2)( 0727k | 2171 ’“)+

2 2
(3.39)

Do c¢6 mot hang tit gan v6i Byyq, ta can phai triét tiéu hang ti nay bing
t6 hop tuyén tinh véi cac dao ham khéc ciia ¢, vi du goi“g)(()) (v6i gia st
b2 £ 0), o8 (0) va T (0). Khi d6 phan tuyén tih theo By sé la toa
d@ thit ba cta LBO,Bl,BQ(Bk')'

Viéc con lai 1a liét ké va giai 5 phuong trinh lién quan t6i Bs. Ba phuong
trinh thit nhat tuong tng véi ba toa do thit nhat cla Lp, 5, .

£}(0) =01(Bs) = by + by + by + 057, (3.40)
@!(0) =ByBy + 205(By) = —b%) — b2 + 204(By), (3.41)
©5'(0)

3 :BoBlBQ + 20'3(B1). (342)

Hai phuong trinh cudi la hai phuong trinh bac hai ma hang tit bac hai
by by

tuong ting 1a BoByBy va ByBoByBy = 4| T3y 75)
b41 b43
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Nhan xét rang ba phuong trinh thi nhat 13 tuyén tinh theo B,, do do,
viec gidi ching dan t6i mot vai b, 1a bién tu do va mot vai bién khac 1a bién
phu thuoc vao cac bién tir do trong d6 c6 bg?, day la su kién quan trong. Ta
giai thich Iy do. Dang ctia anh xa méi Lg, p, p, la nhu sau

BoByBoM
LBO,Bl,Bz(M) = (Jl(M)>BOM7 BOBQM + O‘(M)v % +6(M))

trong d6 (M) va B(M) la cac dang tuyén tinh theo M € C** ma he s6 chi
phu thudc vao B;. Su tu do cua bg?
ché cia Lp, B,,B, dat cuc dai.

Do d6 khong khé dé thay rang ton tai Bs sao cho c6 thé tim dude By ¢

dang

cho phép ta ddm bao rang hang ctia han

By =

*x O O O
* O O O
*x O O O
* O O O

véi k > 3, va diéu nay cho ta mot anh xa nang dia phuong ® cho dit lieu
{QO, BOa Bl}

Diéu nay két thic ching minh dinh 1y dudi gid st byz + by # 0. Trong
cac truong hop con khac, 1y luan la tuong tu.
3.8.3 Truong hgp rank(Lp, p,) =4

Hang ctia Lp, g, bang 4 khi va chi khi byz # 0 hodc by # 0 ho#ic by # bas.
Ta phét biéu két qua.

Dinh ly 3.11. Gid st rank(Lp, p,) = 4. D lieu {p, By, B1} nang dugc dia
phuong khi va chi khi

(i) ©1(0) = ©2(0) = ¢3(0) = ¢4(0) =0,
(ii) £1(0) = 01(By), ¥5(0) = BoBy,
(iii) ¢5(0) = ©4(0) =0,
(iv) ©5(0) = BoB1Bu,

le b23

() ¢(0) = BBBB: = o .
b41 b43

5 =
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Chitng minh Dinh 1y 3.11 Néu b3 # 0 thi han ché cia Lp, p, lén

0 0 0 0
0 0 0 0
0 0 0 0

Mgy My M43 My

C*={MecC*" : M=

¢6 hang cuc dai, do d6 ta cé thé tim dude By, c6 dang

By =

*x O O O
* O O O
*x O O O
* O O O

v6i k > 2 ma théa man cac phuong trinh clia ¢ (3.4). Diéu nay cho ta nang
dia phuong ®.
Néu by # 0 thi han ché cia Lp, B, lén

00 00
4 44 o kook ok Xk
Cr=<{MeC 'M_O()OO
0O 0 00

c6 hang cuc dai, vi thé ta cé thé tim dude By, c6 dang

0000
k  k k ok
Be=10 00 0
0000

v6i k > 2 théa man cdc phuong trinh ctia ¢ (3.4). Diéu nay cho ta nang dia
phuong ®.

Néu byz = by = 0 VA byy # byg thi ta c6 thé st dung céc Iy luan tuong ti
nhu trong ching minh trudng hop rank(Lp, p,) = 2 hay 3.

3.9 Truong hgp thi ba B
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Bang 3.5: Bang hé s cho anh xa tuyén tinh lién két

ByBB1M
o(M) | BoM | ByBiM %
baa Do
m 1 bas biy b
m bar b3
12 bai bz
m b _ ba1 Do
13 41 b41 b42
miq
m bia b3
2 by Dy3
bi1 b3
mao2 1 bas by bas
m b bi1 bio
23 42 bat bio
Moy
mai1
msa
mss ]_
ms3y
bia b3
i "9 T oy by
Tiép theo & trang sau
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Bang 3.5 — tiép tuc tir trang trudc

ByB{B{M
o1(M) | BBM | ByBiM %

m b bii bis
42 23 b21 623

biy b

M43 -1 —(bn-i—bm) — |,
ba1  bao

TNg4 1

Bang 3.6: Cac théng tin hitu ich vé B,
va dao ham thit nhéat cta ¢ tai ( =0

0
Bo=| " dy = dy = 1;ds = 2dy = 3
0= 0 1 e e e
0
0 0 0 —Mmy3
[Boy, M| = BoM — M By = 0 0 ! P
Ma1 Mgz Ma3  MMgg — M3

0 0 0 —MMy3
* % *x 0
Theo dong trén, ta cé thé gia st By = 8 3 : 8
x ok ok %

©1(0) = ©2(0) = ©3(0) = p4(0) =0
©1(0) = o1(B1)
5(0) = By By
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O = BBib

©1(0) = 0

A0 = ouB)

©(0) = ByBs + 204(Bs)

n

0

o5 3( ) _ ByB1 B, + 203(B;)
90514)@) ByB, BB,

n - gt

3.9.1 Truong hogp rank(Lp, p,) =2
Dat LBO,Bl: c* - Ct

ByB1B1M
M (al(M),BOM, BoB, M, %)
Nhin vao Béang 3.5 cac he sb ctua Lpg, p,, ta thiy rang rank(Lgp, ,) = 2

tuong duong véi viéc byg = by = by = b13 = bz = 0. Trong truong hgp nay,

BoB1M = (b1 + ba) BoM, (3.43)
BoBB1M
oL1L1 — bll b12 BOM, (344)
2 ba1  bao
ByBoM = ByByByM = ByBgMN =0, (3.45)

véi moi M, N € C**.

Dil’lh ly 3.12. T?“Oﬂg truﬁng hdp rank(LBmBl) =2 va {blla b12, bgl, bgz} 7é {O}
dit lieu {p, By, B1} nang dugc dia phuong khi va chi khi

(i) 90(0) = W(BO) = (07 0,0, 0)7
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(ZZ) QOI(O> = (0'1(31), B()Bl, 0, 0) = (0'1(B1), —b43, 0, 0),
(i) ©5(0) = BoB1 B,
(i) #4(0) =0,

(v) %(0) — 203(B1) = (b + 522)(80/2/(0) - 202(Bl)>

N J/
N J/

=B(?§132 BoB2
(4)
, 0 b1 b
i) P og (= P b2 (#40) = 202(B1) ).
12 " |bar b2 \S -~ z
_501;;5132 =Bob>
- 2

Dinh ly 3.13. Trong truong hop rank(Lp, p,) = 2 va {b11, bi2, ba1, bae} = {0}
di lieu {p, By, B1} nang dugc dia phuong khi va chi khi

(Z) 90(0) = 7I-(BO) = (07 0,0, 0)7
(ii) ¢'(0) = (01(B1), BoB1,0,0) = (01(B1), —bss3,0,0),
(iti) ¢5(0) = BoB1By,

(iv) 4(0) =0,

ey 0)  oi0)
() == =" =0

(vi) 1 (0) = 0.

Ching minh Dinh 1y 3.12 Gia st du lieu {¢, By, B1} nang dugc dia
phuong. Bén diéu kién dau tien la hién nhien. Cac déng thitc sau giai thich
diéu kién thi nam va sau:

BOB2 = - bgé%

ByB1By = — (b1 + bgg)bg,) = (b11 + baa) By Ba,
ByB,B B, b1 bio bii bio
2 ba1 Do ba1 Do

bi? = BoBQ.

Ta chitng minh rang cac diéu kién ciing 1a du. Ta sé thay thé anh xa tuyén
tinh lién két Lp, p, bdi anh xa méi Lp, p, p, c6 hang 4 sao cho ¢*)(0) = By,
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luon & ma tran c6 duy nhat dong cudi khac khong
0 0 0
By =

* O O
*x O O O

0
0
*

*x O O

v6i k > 3. Dé lam diéu nay, ta tinh cac dao ham ctia ¢ nhu sau.

e (0) =ByBys1 + (k + 1)B1By, + . ..
k+1 k+1

o2 (0) =(k + 2) {BOBlBkH + BB By + BoB2 By | + ..
k+2)(k+3 k+1
(pflk+3) :( )2( ) |:BOBIBIB]€+1 + BlBlBlBk

+(k + 1)BOBlBQBk} +...

trong d6 cac dau cham biéu thi cac hang t& chi phu thuoc vao B; vé6i i < k.
Ta suy ra ti (3.43)

(k+2) (k+1)
Y3 (O) 2 0
e — (Ot he) g =BiBiB+ BBy By 16)
2 2 .
—2(by1 + bo2)B1 By + . ...
va tir (3.44)
A N0) b b 8V0)
(k+1)(k+2)(k+3) by boo k+1 — D11 D1Dg
¥ . (3.47)
by b
+ 3ByB1 BBy, — bll b12 3!B1By, + ...
21 22

Do d6, anh xa méi Lp, g, p, can dugc tim c¢6 dang

LpyBy,B,(M) = (Ul(M)aBOMa ByBiM + ByBsM — 2(byy + baa) B1 M

bll b12

BB ByM + 3ByB1BaM —
b21 622

mbO (3.48)

trong d6 B, dudgc chon sao cho han ché ctia L Bo,B1,B, 1€1

0 0 0 0
0 0 0 0
0 0 0 0

My Mgz M43 Mag

C'={MeC" : M=
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c6 hang 4. V6i

0 0 0 0
0 0 0 0
M = 0 0 0 0|’
My Mgz M43 Maa
ta co dieu sau
bi1 by bi1 b3 baa  bos
B{B{M =2 + ,
1o ( bor boo| " |bs1 bss| | |bsa bsg|)
ByByM =b§?m41 + bé?m@ — (5(121) + bégz))m437
BiM =bszmuy,

BoBlBQM = — (512(9%) - b22b§?)m41

b b b(z) b(2)
+ (bub%) + bglb%))m42 — ( (121) (122) i Oz gy
by by b1 by

Ta suy ra hang clia han ché ctia Lg, g, p, len C* bang 4 khi va chi khi

b(2) b(2)
rank (2)13 (2) 2) 23 @) | = 2, (349)
- <b12bz3 - b22b13> b11b23 - b21b13

tue 1a dinh thie
2 2
(bir — bao)b2B2 — by, <b§?) + b (bé?) £ 0. (3.50)
Ta c6 thé cb dinh céc gia tri cia b%) va b%) sao cho hang ciia ma tran

(3.49) bang 2 trit truong hop ma by = bay v byy = by = 0 céi sé duge giai
quyét sau. Tiép theo, ta can phai gidi cac phuong trinh sau theo Bs.

#1(0) =01(B) (3.51)
¢ (0) =ByBy + 205(By) (3.52)
(4)
0 3 3
" 4( ) — (b11 + ba2) 93 (0) :ZBOBZB2 + §BlBlB2 (3.53)
(5)
P4 (O) . bll b12 " _
10 621 b22 SOQ (O) _BlBlBlBQ

(3.54)

+ 230313232 _g|mn D2

B Bs.
by by| TP
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Dau tién, ta giai hai phuong trinh dau tien (3.51) va (3.52). Day la hai
phuong trinh tuyén tinh nén viéc gidi ching dan téi bfo)) va bﬁ) dugc bicu thi
nhu 1a cdc ham ctia b véi (4, j) # (4,3), (4,4). Tiép theo, ta nhan xét ring
hai phuong trinh (3.53) va (3.54) déu c¢6 dang bac hai trong d6 hang tit bac
hai theoBs lan luot 1a

BoBoBy _ [0 by| bk by
= 2) (2 2) 2
2 by b by by
b b b (2) 22 2(2) (2) 22 22
sz | s PR R o o
—s == by by oy | = [ba Do bas| — 6P b2 (Y|
o by o ) 0y Rl b b bi

Ta gidi thich vi sao hai phuong nay luon c6 mot nghiém cé cac tinh chat
cAn thiét. Gi st vi du by # 0. Khi d6 ta xét hai hang tit bac hai 265 va
bnbg)b%) trong cac phuong trinh (3.53) va (3.54). Ta ¢6 dinh cac gia tri clia

(2) e s - s a1 4 N
by’ voi (i,7) & {((4,1),(4,2),(4,3),(4,4)}, khi d6 b0f1 phuong trinh (3.51-
3.54) tré thanh mot hé Cramer cac phuong trinh tuyén tinh cho ta nghiém
B, thich hgp.
Bay gio gia st
bin =boo =k # 0 va bz = by =0,

do d6 ta khong chon dugc cac gia tri cho bg), b%) sao cho dinh thic trong
(3.50) khac 0. Nhic lai dang ctia By

Kk 0 0 0
0k 0 0
31_00b330
00 0 by

Ta phéi chuyén qua goflk+4)(0) dé ciu tao toa do thi tu ctia Lp, g, p,(By) dé

c6 su kiém soat vé hang clia han ché clia no6 len

0 0 0 0
0 0 0 0
0 0 0 0

My Mya 1My3  NMyy

C'={MecC*" : M=

Ta co
ko 3)(k+ 4 k+2)(k + 3)(k + 4
o (0) = (k+3)(k+4) )2(' >BOBlBlBk+2+( ) o i >BOBIBQBk+1
kE+2)(k+3)(k+4
+ ( ) i )BlBlBlBk+1+---

3!
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trong d6 cac dau cham biéu thi cac hang tit chi phu thuoc vao B; véii < k-+1.
Nhic lai 1a néu

0 0 0 0
V=10 0 0 o
M4 Mgz MMy3 Mgy
thi
S P L e e
Ta co

o2 (0) = ByByis + (k + 2) By Bjs1 + - ..

trong d6 cac dau cham biéu thi cac hang tit chi phu thuoc vao B; véii < k-+1.
Suy ra

bll b12

(k+2)
0) =
b21 b22 ') ( )

P80) = (k +3)(k +4)

k+2)(k+3)(k+4
= ( A 3! - ) (3BoBlB2Bk+l + B1B1B1 Byt
—3! bu b BBy | + ...
bo1 b2

trong dé cac dau cham biéu thi cac hang tit chi phu thuoce vao B; véii < k+1.

Ta mudn triét tiéu By, trong phuong trinh trén bing mot td hop tuyén

tinh véi o (0), o5 (0) va o (0). Nhung hai cai dau chi c6 thé triet

PN , ~ ES 2 k+1 N k‘+1 2 P ~ ~ ~ A 2 k+1 ~
tiéu cac hé so cua bflg ) va bfm ). Do d6 ta can tinh céc hé so cua bfﬂ ) va

bi’;“) clia cac dang tuyén tinh nay theo By ;.
Ta co
BiBii1 = (biy + bag + bsz)bS™ = (25 + byy)plET
va
K 0 0 0
BlBlBlBkJrl . 0 K 0 0 . ,%21) b(k-Jr]_)
3 o 0 0 b33 0 B 33544 -

bfﬁﬂ) biléﬂ) bi';;“) bﬁﬂ)
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Cubi cing

K 0 0 p'2 p'2 p'2
_ @ 50 @ o o
k+1 k+1 k+1 k+1 k+1 k+1
TR S At ol I [0 VA P e

2 2
?é%) f’é?’)l)
+ +
b42 b43

2 2
by b
bﬁﬂ) bfff,,“)

= —K

Tiép theo, ta co

S0) = (K +3)(bin + ba)d T2(0) =
(k+2)(k+3)
2

[BoByBiy1 + B1B1 By — 2(bi1 + ba2) B1Biya| + - ..

trong d6 cac dau cham biéu thi cac hang tit chi phu thuoc vao B; véii < k-+1.
Ta quan chi tiét hon

AN
BoByBryr = — | (k1) o kin)| — | 6F1) L (kein)|
b41 b43 b42 b43
B, B, By

= (/{2 + 2/€b33)b§éi+1)

2
va
BBy = (26 + bys)b .
Do d6 ton tai cac hang sb ¢y, cs, ¢4 chi phu thudce vao By va By sao cho

td hop tuyén tinh sau

bii b
A0 = (k4 3)(k+a) | L
21 22

(k+1)(k+2)(k+3)(k+4)
P§0) = (k+3) (b + b)) 2(0) . 8V0) | Y(0)
k+ 1)(k+2)(k+3) O ET T e

e (0)

+

(3.55)

C2

khong c6 hang tit clia Byyq. Phan tuyén tinh ctia n6 theo By, dinh nghia toa
do tha tu cua LBO,Bl,Bg<Bk)'
Ta liét ké nam phuong trinh dé giai theo Bs.

@1 (0) =o1(By) = b + b5 + b + b7, (3.56)
©!(0) =ByBy + 205(B;) = —b) + 204(By), (3.57)
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@S2 (0) — 4(buy + bas) 9 (0) = 3By B2 By + 6B, B, B
- 12([?11 + bQQ)BlBQ

2 2 2 2)4(2 2)4(2
=6 [~ (oY + ) + oY + oD | + ..., (3.58)

290) =20 |7 012l o) = 15B,B, B, By
b?l b22
0B BB, — 60|70 2 BB,
b21 b22
2 2 2 2
SEIE N (L
bis i3 iy bis

+ (hang tt theo By bac < 1), (3.59)

bii b
(soff”)«n —30),0 2 ¢é4)<0>) + ez [#7(0) = 5(bi1 + bao) 4" (0)

+ ¢35 (0) + )" (0) = 15By By B2 By + . . . ( phuong trinh bac ba theo By)

2 2 2
0y by b
=90 b2 b2 B +... (3.60)
2 2 2
by b o)

Hai phuong trinh (3.56) va (3.57) déu tuyén tinh, do d6 gidi ching cho
thay B, chay trong mot khong gian afin con ctia C** trong d6 bg) v6i (i, ) &
{(4,3), (4,4)} 1a tw do va b3, b phu thuoc tuyén tinh len b .

Ta nhan xét 1a c6 thé thay doi bsg va by ctia By ma khong thay doi 16p
tuong duong ctia dit lieu {p, By, B1} sao cho bsz # byy. Cu thé 1a, néu ta
nhin vao giao hoan ti véi By trong Bang 3.6, sy stta doi c6 dang nhu sau
bss mei = bss + @ VA by g = bas — @ trong d6 a la s6 phtic bat ky. Dieu nay
lam cho phuong trinh (3.58) khong suy bién theo b:(fg).

Bay gid, ta chon cac gia tri cho b®)ij trong d6 (4,7) & {(4,1), (4,2), (4,3), (4,4), (3,3)}
sao cho nam phuong trinh (3.56) - (3.60) tré thanh mot hé Cramer cac phuong
trinh tuyén tinh bg?, bfﬁ), bfé), bfé) va bﬁ). Su thoai mai trong chon lya dam
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bao hang ctia han ché cta Ly, g, B, lén

0 0 0 0
4 44 . - 0 0 0 0
CC={MecC"* : M= 0 0 0 0

My Mgz M43 Mag

bang 4.

Chitng minh Dinh 1y 3.13 Nhu trong chiing minh trudc, cac diéu kién

can la duong nhién trir diéu kién cubi goff) (0) = 0 ma ching minh ctia no la

tinh toan tryc tiép dude hd trg béi nhan xét sau
B()BlMN — 0

v6i moi M, N € C** do dang dac biét ctia B; trong truong hgp, cu thé 1a

00 0 0
00 0 0
Bl_OObggo
00 0 by

Dang tuyén tinh M ~— ByB;B.M bi triét tieu, do d6 anh xa tuyén tinh
Lp,, BB, trong chitng minh Cﬁa Dinh 1y 3.12 khong con c6 ich nita. Ta can
phéi xét o™ (0) thay cho o™ (0) trong (3.47) v6i k > 3. Truéc khi tinh
o (0) theo B;, ta nhic lai 1a véi M, N € C*4

BoBlMN :O

Do dé ta c6

d.-P- <I> P\ F
A (0) = ( )

k+1) k+2 k+3)(k+4 (3.61)
( ( ) (ByByBy By,

+2BlBlBgBk) + ...

trong d6 cac dau cham biéu thi cac hang ti chi phu thuoc vao B; vé6i i < k.
Tinh toédn nay cho toa do thi tu ctia Lp, B, B,- Két hop cai nay véi ba toa
do dau tieén ciia (3.48), anh xa lién két hgp mdéi c6 dang

LBO,Bl,BQ(M) = (Jl(M)J B0M7 BlBlM + BOB2M7
BoBsBsM + 2B, B BoaM). (3.62)
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Ta 1o rang han ché cla Lp, g, p, lén

0 0 0 0
4 44 A, | O 0 0 0
C*=<{MecC c M = 0 0 0 0

My My 143 TMyq

nhu sau.

o1(M) =mug,
BoM = — mMys,

BiB\M + BoBoM =bImy; + 60 mas — (52 + 58 )may

b(2) b(z) b(2) b(z) b(2) b(2)
B()BQBQM + 2BlBlBgM = — %22) %S) myy + (2) %S) myo — %21) %22)
bsy by bsy  bog by Doy
Chu y 6 day la véi
0 0 0 0
0 0 0 0
M= 0 0 0 0|’
My Mya 1My3  Tyy
ta co
BiBiM = BiB1ByM = 0.
Do d6 hang clia han ché nay 1 cuc dai khi va chi khi
2 2
by oSy
rank |02 0@ [P B2 | =2 (3.63)
— 1,2 2 2 2
b5y bS3| (b5 by

Tiép theo, ta chi ra cich chon B, thich hgp sao cho hang ctia han ché cta
Lpy,B,8, len

0 0 0 0
4 44 10 0 0 0
C*=<MecC M = 0 0 0 0

My My TMy3  Tyq

14 cyic dai,titc 1a bang 4. Dau tién ta phai gidi cac phuong trinh theo Bj
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¢1(0) =01(Bs), 3.64

©5(0) =By B3 + 205(By), 3.65)
(4)

L 4(0) :ZBOBQBQ + gBlBlBQ, (3.66)
(6)

0) ByB:B:B

9046!( ) _Bo o+ BB BBy, (3.67)

5

Ta thuc hién quan sat dau tién: Hai phuong trinh (3.64) va (3.65) 1a tuyén
tinh; céi thit ba (3.66) 1a bac hai va cai tha tu (3.67) 1a bac ba. Cac hang tit
bac hai va bac ba tuong ting dugc tinh nhu sau.

BoByBy b Y| (b5 o
=7 L@ L@ T L@ e
2 oY b | [k bl
b(2) b(Q) b(2)
BoBoBeBy _ |y 13,0
S N o
bl by Dy

Bay gid, ta chon céac gia tri thich hgp ctia bg?) véi (4,7) € {(4,1),(4,2),(4,3),(4,4)}
hang trong 3.63 bing 2 va boén phuong trinh 3.64-3.67 tao thanh mot hée
Cramer cac phuong trinh tuyén tinh theo b3, b, 02, b2, Didu nay két
thic chiing minh Dinh 1y 3.13.

3.9.2 Truong hop rank(Lp, p,) =3

Nhin vao Bang 3.5 cac hé s6 ctia Lpg, p,, ta thay rang rank(Lp, 5,) = 3 khi
va chi khi

_b43 O b41 0
rank . baz  bas| |ba1 ba3 . bo1 baa| |b12 b3
biz bas| |bar bus bn baz| |baz bus
—bu3 bao b3 bas
b biz| |bu bia| b2 buz| |bu biz] | = 1. (3.68)
byr baz| |ba1 baz baz  bas| |ba1 a3

Diéu nay tuong duong véi viec {by1, bz, bas, b1z, baz} # {0} va ton tai mot
héng s6 x € C sao cho
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(_ baz baz| |ba1 baz|  |ba1 boz| |biz bis
baz baz|’|ba1 baz|’  |bar baz|’ |baz bas|’
_{bin big| [bin bia| i bis| |[bn 513> _
bar baz| ' |ba1 baz|’  |baa o3|’ |b2n Dos

= K(—bas, 0, bs1,0, —bus, baz, b13, ba3) (3.69)
Quan hé nay nghia la

ByB1 B M
2

bll b12
b21 622

BoM = k[BoBiM — (biy + by) BoM] (3.70)

v6i moi M € C**. Ta suy ra la néu {¢, By, By} nang dugc dia phuong, thi
90/2/(0) :BQBQ + 20’2(B1)

"

0
()0_33( ) :BoBlBQ + 20—3(‘81)
(4)
0 ByB{B1B
90412( ) _20 12 122 _|_204(B1),
do do6 ta co
(4) m
0 0 by b
pa (0)  ¢5'(0) b bip ¢5(0) = 204(Bs)
by b |
— 2" 2 o(By) — 2k03(By) 4 2k(b1y + bay)oa(By)
ba1 b

Ta c6 thé phét biéu dinh 1y.

Dinh 1y 3.14. Néu rank(Lp, 5,) = 3, thi di liéu {¢, By, B1} nang dugc dia
phuong khi va chi khi cdc diéu kién sau duge théa mén

(i) £1(0) = ©2(0) = ¢3(0) = ¢4(0) =0,
(i) ¢1(0) = 01(By), ¥5(0) = BBy = —bus,
(iii) 5(0) = ¢4 (0) =0,

(i) ©5(0) = BoB1B1, ¢j(0) = 0,

(v) #'(0) = BoB1B1 By,

(4) "
gp O o' (0 b1 b

— 2]60’3(81) + 2K(b11 + bQQ)UQ(Bl).

bll b12
621 b22

UQ(Bl)
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Chitng minh Dinh 1y 3.14 Cac diéu kién can dugc giai thich ngay trudc
(3.71). Dé chiing minh cac diéu nay 1a du, ta phai tim By € C** va By ¢6
dang

Bkz V61]€23

* O O O
* O O O
*x O O O
*x O O O

hoac

o O OO
o O OO
EOE .
o O OO

Ta xét hai truong hop con: {by3, bag} # {0} hodc b13 = beg = 0.

Trusng hop con 1: {b13, b3} # {0}

Trong trudng hop nay, ta c6 thé gia st big = 0 va by # 0. Ly do la nhu sau.
Theo Ménh dé 3.2, ta luon c6 thé thay thé B, béi E~'B,E v6i E € GL(4,C)
giao hoan v6i By ma khong lam thay doi ban chat clia bai toan nang. Ta viét
By trong dang ma tran khéi nhu sau

A B
b=l o)
trong d6 A, B,C, D € C??2. Xét

o X 02><2
b= |:O2><2 Y :|

trong do X € GL(2,C) va
a b
Y = [ a} e GL(2,C).
Khong khé dé thay ring F giao hoan véi By. Bay gio ta tinh toan E~'BE

nhu sau.

0o Y! C D 0 Y
{XlAX XlBY]

eusc [ L RYRY

Y-ICX Y 'DY
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b13 0
selr )
Ta biét 14 BY la mot ma tran c6 cac cot 1a t6 hgp tuyén tinh ciia cac
cot ctia B, va X 'B la mot ma tran cé cac hang 1a t6 hop tuyén tinh cia
cac hang ctia B. Néu b3 # 0, thi ta c6 thé chon X thich hgp sao cho big

triet tieu va byg # 0. Nhan tien, do — biz b
b22 b23
bip = 0.

Chuyeén qua budéc tiép theo, ta sé lam ré dang clia Lp, B,.B,- Do hang cuia
Lp, B, bang 3, nén anh xa méi Lp, p, p, gilt nguyén ba toa do dau tien cta
Lp, B,, chi c6 toa do thi tu can lam 6. Toa do tht tu cla Lp, B, dudgc nhan

tir c,pflk+2)(0), do dé lan nay, ta chuyén qua gpiﬂg) (0).

Nhan xét rang

] = kb3 = 0, nén ta thu duge

kE+2)(k+3
e (0) :( 2))(, ) [3ByB1 BByt + (k+1)B1 BB, By, (3.73)
3(k+1)ByB1 BBy + . ..
(k+2) - k+1
w3 (0) =(k+2) ( BoB1Bry1 + B, B, By,
(3.74)
k-+1
BOBQBQ) + ...
(k+1) o
U (0) =ByBysy + (k + 1) BBy + . .. (3.75)
Do
0O 0 0 O
0O 0 0 0
Bk+1 - 0 O 0 0 )
x k% k%
nén ta cé
b 0 0
BoB1B1Bry1 H
— = bay bao bas
D 5
=b11basb ™ — bribasbly
b1 b
=b11 [BoB1Bg+1 — (b1 + bae) BoByi1] + b; b;z ByBj+1

=b11BoB1Bjy1 — b%lBﬂBkJrl-
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Ta suy ra rang

@§k+3)(0) — 011 ap§k+2)(0)
(k+ Dk +2)k+3) " (k+ 1k +2)
o k+1 ( ) _ B.B,B,B;, ByBByB; (3.76)
: +1 s :
B,B,B, ByByB
by, ( 1 21 k + 0 22 k) —|—blelBk} +

trong d6 cac dau cham biéu thi cac hang t& chi phu thuoc vao B; vé6i i < k.
Biéu thiic ¢ trong {} ctia phuong trinh trén chinh la toa do thi tu cia
Lpy,51,8:(Bi)-

Nhéc lai 1a diéu ta mudn 1a hang ctia han ché cta Lg, g, p, lén

0 0 0 0
4 44 . B 0 0 0 0
C*={MeC" : M= 0 0 0 0

My Mg M43 Myyg

bang 4. Diéu nay chi phu thudc vao toa do thi tu ctia L, 5, ,(M) va he s6
clla n6 ing véi my;. Do d6 ta lam 16 hé s6 nay.

Cho
0 0 0 0
0 0 0 0
M = 0 0 0 0

Mgy MMag 43 Maa

Dau tién ta thiy rang
b11 0 0 0
BiB1BiM by by bz 0
3! 10 0 b33 O

M4y My M43 MM44a

kh@ng co may.

Hai la,
bn O 0 b11 0 0 b22 b23 O
B{B{M
- 21 = by by O] +]0 b3z O+ [0 bz O
My MMya TNy My TNy3 Mgy Myo TNy3 Mgy

ciing khong c6 my;.
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by; 0

My Myy

b22 0
My Mgy

b33 O
My3 Mgy

ciing khong ¢6 my; .
Do d6 chi c6 BoBLB2M _ p, BoBal 40 thanh he s6 d6i véi mar. He s6 clia
myy trong BoBlBgM 1a

0 0 bg) b%) _ (2) (2)
= —by5 bag + b5 baa.
bg) b%) byy  bos 12 Y23 13 V22

Heé s6 ctia my; trong ByBoM 1a b%).
Do do6, hé sb clia my; trong toa do thi tu cta Lg, 5, p,(M) 1a

[—0ssb3) + (b2 — b3 (3.77)

N | —

Do d6 hang ctia han ché ctia Lp, g, p, lén

0 0 0 0
4 44 . 10 0 0 0
C={MecC*" : M= 0 0 0 0

My My 143 MMy4q

1a cuc dai, tic 14 bang 4 khi va chi khi he s6 nay khac 0. Bay gio 1a luc ta
khao sat cac rang budc trén By. Ta c¢6 bon phuong trinh theo Bsy

ﬁP/f(O) 201(32), 3.78
QOIQ/(O) :BOB2 + 20'2(31), 3 79)
Vi

*033(0) =BoB1 By + 203(B,), (3.80)

#(0) e0) L )

-} b —
3.4.5 ngn T Ty
BoB, BBy ByByB, ByB.BB, BB, B, (3.81)
= e 3! — b

+ b2, B, Bs.
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Ta thay rang phuong trinh thi tu 1a bac hai. Ta lam r6 cac hang tit bac
hai ctia n6

BoBoBy _ by b)) (%) by
T 9 T T 2 2)| T |2 2)|
2 b | (b b
b 0 0 (2) 22 22 (2) 22 22
BoB1 B> By N B O B LT
—5 = |b by Dby —|ba Do bas|— B b b3
7 e I Tl N P TR O

Bay gio ta chiing minh ring bén phuong trinh c6 mot nghiém By mong
mudn. Dau tién, ba phuong trinh thit nhat (3.78) - (3.80) tao thanh mot he
phuong trinh tuyén tinh c6 hang 3. Viéc giai ching cho thay B, chay trong
mot khong gian afin con 13 chiéu ciia C** trong do bg-) c6 thé nhan bat ky
gia tri nao ta mudn véi (i,7) & {(4,2), (4,3),(4,4)}. Hai la, ta gidi thich vi
sao khong gian afin con nay chtta mot By sao cho he sb trong (3.77) 1a khac
0.

Ta nhan xét 1a phuong trinh thi tu (3.81) chita hang tit

2 2
g
b4 1 b42

bas

Khi d6 B, duge tim thay nhu sau. Ta chon va ¢6 dinh cac gia tri clia bg)
voi (i,7) € {(4,1),(4,2),(4,3),(4,4)} sao cho he s6 trong (3.77) 1a khac 0
va phuong trinh thit tu (3.81) tré thanh mot phuong trinh tuyén tinh khong
suy bién theo bfﬁ). Do d6 ta nhan duge B, mong mudn, cho phép ta tim dudc
By, mong mudn véi k > 3. Diéu nay két thuc chiing minh truong hop con 1
(xem trang 98).

Truong hgp con 2: by3 = by3 =0

Ta nhan xét 1a c6 mot sy doi xing gitta {bis, baz} va {bay, ban}. Cu thé 1a
néu {by1, b} # {0}, thi ta c6 thé ldp lai cac 1y luan ¢ Truong hop con 1 véi
By bay gio c6 dang

By =

o O OO
o O OO
* X ¥ X
o O O O

trong do k > 3.
Do dé, ta c6 thé gia sit them ring

by1 = bag = b1z = ba3 = 0
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trong truong hop con nay. Khi do, byz # 0, néu khong thi rank(Lp, ,) bang
2. Suy ra
b1y = by =k

trong do k 1a hing s6 trong dicu kién can va du ctia Dinh 1y 3.14 va

Tinh hudng bay gio rat gan véi tinh hudng ctia truong hgp con clia truong
hop ma rank(Lp, p,) = 2 6 trang 90, trong do6

k 0 0 0
0 0 O
Bi=1o 0 bss 0
0 0 0 by
véi k # 0.
Nhung bay gio, by ctia By khac 0, do d6 dang B; dang xét la
k 0 0 0
0 0 O
Bi=1y 9 bsg 0
0 0 byz bu

véi Kk # 0.

Ta c6 theé lip lai cac 1y luan 6 d6 nhung thay vi 5 phuong trinh, ta sé c6
6 phuong trinh ma trong d6 3 phuong trinh dau tién 13 tuyén tinh vi ting
v6i hang 3 cia Lp, p, . Lan nay, ta sé c6 dinh cac gia tri cia bg) sao cho 6

phuong trinh trd thanh he Cramer déi vei 617, 6, 87,82, b2 vab(?). Didu
nay két thic truong hop con.
3.9.3 Truong hgp rank(Lp, p,) = 4.

Nhic lai L5, (M) = (01(M), BoM, BoB1 M, BoB I vy gid st rank(Lp, g, ) =
4. Ta phat biéu két qua.

Dinh 1y 3.15. Du liu {p, By, B1} nang dugc dia phuong khi va chi khi
(1) ¢(0) = 7(By),
(ii) ¢'(0) = Dmp, By trong dé Drp, la dao ham toan phan cia 7 tai By,

(’I/L’I,) gOg(O) = BoBlBl, QDZ(O) = O, (IDZ/(O) = BOBlBlBl-
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Chitng minh Dinh 1y 3.15 Néu

bis bas
rank | bia biz| |bii biz| | =2,
bao  baz| |ba1 D3
thi han ché ctia L By, B, lén
0 0 0 0
4 14 . 10 0 0 0
C=dMeC"™ : M= 0 0 0 0

My Mgz M43 Myq
c6 hang cuc dai, tiic 1a bang 4, do d6 ta cé thé tim duge By, c¢6 dang
00 00
By =

* O O
* O O
*x O O
* O O

v6i k > 2, diéu nay cho ta d4nh xa nang mong muon.
Diéu tuong tir xay ra néu

b41 b42
rank . b21 bgg b11 b12 = 2.
b41 b42 b41 b42

Trong truong hgp nay, B ¢6 dang

By, =

o O OO
o O OO
o O O O

O S

vil k > 2.
Do d6, ta chi can xét truong hgp hai hang nay khong vuot qua 1.

Trudng hop con 1: (by3, bag) # 0

Stta ddi B; bang cac giao hoan tit ddi véi By & trang 98, ta c6 thé gia st
b13 =0va b23 7é 0.
Do
b13 b3
bia biz| |b11 D13
baa boz| |ba1 b3

rank =1
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va
b b
12 = —biaby3(do byz = 0),
bag  bas
ta suy ra bis = 0, do d6
*x 0 0 0
x* x *x 0
Bi=1yp 0 « 0
% %k ok %k
Véi
0 0 0 0
0 0 0 0
M = 0 0 0 0|’
My Mya 1Ny3  Tyy
ta co
ByB{B1M
% =b11b93m49 — b11b22143
=b11 [BoB1M — (b1 + bao) BoM| + by1bag Bo M
:BoBlM - b%lBOM
Gia su
00 0O
00 00
Be=10 0 0 0
* % % %

véi k > 3, khi d6 ta c6

goff+3)(0) B @ék”)(O) L goékﬂ)((]) -
k+Dk+2)(k+3) Tk+Dk+2) M =

kE+1
B\B,B\B,  ByB\By By, B\B\B,  ByByB;
= - — by —-

= i 5 5 5 > + b%lBlBk:| +...

(3.82)

trong d6 cac dau cham biéu thi cac hang ti chi phu thuoc vao B; véi i < k.
Ta tinh heé s6 ciia b\% trong ngodc vuong [] & tren.

by 0 0 0

BlBlBlBk o b21 b22 b23 O
31 10 0 by O

k)

k k k
o) by bl b,
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khong chita bfﬁ) .

b1y 0 0 b(z) b(z) b(2)
BoBiBaBy = — |62 52 52| — by bey b
0P1L2LE — — |Ugy 22 23 | — 21 22 23
k k k k k k
bgll) bé(lQ) bé(l3) bﬁ(ll) b4(12) b4(13)

2 2 2
b(ll) ng) bg?))

b(2) b(2)
:bll %}3) %}?) - b21 622 b23
byy  bys (k) (k) (k)
b41 b42 b43

by 0 0 by 0 0 bas Do
B{B:B
%’C =|byy b O |40 b33 0 |+]|0 s
b(k) b(k’) b(k’) b(k) b(k) b(k) bi’;) b(k) b )

41 Vs Oy a1 O3 Oy 42
- o (K
=khong chita bfu) .

PR O O

2 2 2 2
ByByBy, = béﬁ bé’é’i - béﬁi b%ii’;

2), (k
Heé s6 cua bg’i) trong ngoac vuong | | do do la

(2) (2) (2)
_ _ 1
baabiy b23§12 buibiz = B [(b22 - bll)bg? o bQ?’ngz)] ’

Néu heé s6 nay khac 0, thi hang ctia han ché cia

BoB{BsM
LBoyBLBz(M) = (UI(M)7 BOM7 BOBlM7 0T + .. )

lén
0 0 0 0
4 44 . 10 0 0 0
Cr={MecC" : M= 0 0 0 0

My Mg M43 Myg

bang 4. Do d6 khi ta giai cdc phuong trinh lién quan t6i Bs, ta sé phai chi
v t6i dieu kién nay.
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Ta liét ké cac phuong trinh can gidi theo Bs.

¢\ (0) =01(Bs), 3.83
©5(0) =By By + 204(By), 3.84
"
0
9033( ) =ByB1B; + 203(B1), (3.85)
(@)
0) B,B,B.B
90412( ) _5o 12 152 +204(By), (3.86)

1 (0) b 25" (0) g ©3(0)  (BoBiB2By b By B> By
3.4.5 134 s 4 ey
(31313132 B, B, B,

3 — V11

+ blelBg> . (3.87)

Ta tinh phan bac hai trong phuong trinh (3.87). C6 hai hang tit bac hai:

BBB,By b | b b by b
——— =" |, & 21(2) )] T 222 42
2 bz(m) b4(13) bz(m) b4(13) bfu) bz(13)
2) (2 2) (2 2) (2 2 2
+ bas 5521; bg — 041 b% bégi + baz bg bégi T4 55213 5522;
va

2 2
by Ol

2 2
by by

2 2
s
b42 b43

+

ByByB
5110222—511< )
(2

Do dé ta c6 thé tim thay hang tit bac hai chita b41) trong phuong trinh
(3.87) ma chinh xac la

[(b22 by — by )b 523b§22>] b2

Do
—bys 0 ba1 0
rank _ baz baz| |ba1 bas o bar ba2| b1z bis
biz baz| |bar bag bun baz| |baz bag
—bus baa bis bas
. bir biz| |bin bz o biz biz| |bun biz| | =2,
bar baz| |bar b baz baz| |ba1 Do
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biz = 0 va byz # 0, nén ton tai mot ma tran vuong con kha nghich ctia ma
tran trén chita cot

bas
b;; O
ba1  ba3

For example

—ba3 ba3
bll 0
ba1 b3

baa  ba3 = 2.

b42 b43

rank

Khi d6 ta gidi 5 phuong trinh (3.83) - (3.87) nhu sau. Ta c6 dinh céc gia
tri ctia b)) véi (i,7) & {(1,1),(4,1),(4,2),(4,3),(4,4)} sao cho cac phuong
trinh nay tré thanh mot hé Cramer theo b(121), bﬁ) , bg), bg’), va bﬁ) va hang
ctia han ché ctia Lg, p, 5, lén

0 0 0 0
4 14 . _ 0 0 0 0
CC=<{MecC"™ : M= 0 0 0 0

My Mya 1Ny3  TNy4

bang 4.
Nhung ¢6 mot tinh hudng ma moi B, théa méan 5 phuong trinh trén (3.83)
- (3.87) déu c6 thé lam cho he s6 ctia b)Y

1
5 (b22 - bn)b%) - b23b§22) =0.

Diéu nay tuong duong véi viee

52 _ by — b11b(2)

12 = T 13 -
Trong tinh hudéng nay ta phai co
—bys —bys bao b3
rank o baz a3 _ bur bis| |bir biz| |bun biz| | =1
baz bay bur bag| |bar baz| |ba1r Do

Khi d6, ta buoe phai tiép tuc chuyén sang ¢ (0). Ta biét 1a

A0 AT 9 0)
(k+2)(k +3)(k +4) (k+2)(k+3) M k+2
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14 mot ham afin cta

000 0
0000
Brir=109 0 0 0
k ok ok %k

trong d6 he s6 cua bfﬁﬂ) biang 0, diéu nay 1a hé qua cta tinh huéng. Diéu d6
dan t6i 1a ta c6 theé triet tieu toan bo cac hang tit chita By trong biéu thic
trén biing céch t6 hop tuyén tinh né véi oF(0), o8 0) va o2 (0).
Nhu vay ta sé nhan dugc phuong trinh thi sau theo By, day la phuong trinh
bac ba ma hang tit bac ba duy nhat (sai khac hing s6 nhan khac 0) 1a
by by bl
LBoB:BaBe o)y 0o
3! © 0 o
by iy Dy
Ta lam 16 toa do thit tu ctua Lpg, p, B,
LBO,Bl,BQ(M) = (O'l(M), BOM, BoBlM, *)

Phan tuyén tinh theo By, trong

P (0) @), A0
k+2)(k+3)k+4) "(k+2)k+3) M k+2

la
B1 BB, By, . ByB1B; By by B1B1 By + BoBa By + b2, B, Bjy 1.
31 2 2 2
bat
0 0 0 0
0 0 0 0
Brn=M=13 g o o

Mgy My 143 MMy

véi k > 2. Bay gio ta tinh toan chi tiét hon.

BBBM | 00
T = |ba1 by b23 Myy.
’ 0 0 b33
(2) (2) (2)
BoBiBM 1 A I LTI
- T 5 bll + b21 b22 1)23
2 2 My 143

myy Mg 43
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b11 0 0 b11 0 0 b22 523 0

B{BiM
121 =|by by O |[+]0 bz O|+|0 b3 O
M4y My May My M43 Maa My 143 Mag
2
BoBaM _ (R ),
2 2 \|ma1 mys Mg M3
Suy ra

3! 2 2 2
+ b%lBlM = aMyo + ﬁm43 + YMiygy

B\BiBiM  ByByBoM B\BiM  ByB,M
111+012_11(11+02)+

(khong c6 my; & day boi vi (b — bn)b13 — b231)12 = 0 v6i moi By thdéa man
cac phuong trinh (3.83) - (3.87)) trong d6 «,  va 7 la cac dang afin theo hé
s6 dau vao ctia Bs.

Toa do thi tu clia Lg, p, ,(Bx) 1& phan tuyén tinh theo By clia

! 2 () I () PR ()
E+1) (k+2)(k+3)(k+4) (E+2)(k+3) M k42
(k+2)
a s (0) (k+1) (k+1) (k+1)
— 2 (b4 b 0
P — (buy + b)Y (0) | + BTV (0) — vl (0)
ByBsByB;, BB BB
= 012ﬂ-122ﬁm&&m+wmﬁﬁ
+ CBlBlBk + dBQBk -+ eBlBk -+ fBOBk
trong do

e a va d la cac hing so,

e b,c,eva f la cac dang afin theo b%), b b%).
Ta thiy rdng phan bac hai clia cac hé s6 ctia cac hé s6 dau vao ciia By,
trong biéu thic trén nhan duge tu @ va aB1ByBy,.

He s6 cua b41 trong % la

2 b22 b23) 2 b23
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va trong aBy By By 1a
—a(byy + bss)b'2.

Ta suy ra hé s6 clia bfﬁ) trong toa do thd tu cia Lp, g, B,(Bx) 1a mot da
thitc bac hai theo céc he s6 clia By trong dé c¢6 b%) b%).

Ta suy ra c6 thé giai 6 phuong trinh nay theo By bing cach cb dinh cac
gid tri clia b3 véi (1, 5) & {(1,2),(2,2), (4,1), (4,2), (4,3), (4,4)} sao cho séu
phuong trinh tré thanh mot hé Cramer ctia 6 bién con lai trong bg). Su thoai
mai cta lya chon ddm béo hang ctia han ché ctia Lp, g, p, lén

0 0 0 0
0 0 0 0
4 _ 44 . _
C={MecC"” : M= 0 0 0 0

Mgy My M43 Mayg

c6 hang cuyc dai, titc 1a bang 4.

Truong hgp con 2: byz3 = by3 =0

Néu {by1,bso} # {0} thi ta ly luan tuong tu nhu trong phan trudc véi By,
chi c6 mot cot duy nhat khac 0.

Do d6 ta c6 thé gia st rang by = by = b1 = byg = 0 trong truong hop
con nay. Do hang ctia Lg, p, bang 4, ta ¢6

rank ~bas 0 0 ~bas ) =2
—baobys  b21byz  biobazs  —bi1bas '

Diéu nay tuong duong véi

b b
biz 70 hogc { 70 hogc { 70 . (3.88)
b22 7é bll b21 7é 0 b12 7£ O
Gia s
00 00O
00 00
Bi=10 00 0
kook o ok ok

v6i k > 3. Then

P (0)

k+2 (b1 + 622)90§k+1)(0) =

B\ B, By, . By B, By,

9 9 — (bll + bQQ)BlBk + ... (389)

=(k+1)
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trong d6 cac dau cham biéu thi cac hang ti chi phu thuoc vao B; véi i < k.

Béng cac tinh toan tryc tiép, By BBy va BBy, khong chia bfﬁ), bg) va
bk,

Ta c6
ByB2 By, = by by + b5 by — (bi? - bé?) by

Do d6 toa do thit ba cia Lg, 5, 5,(M) la

BB M n ByBy M

5 5 — (bn + b22>B1M.

Tiép theo ta xét toa do thi tu clia Lp, p, 5,(Bx) bang tinh toan sau.

<Pz(1k+3)(0> . bii big gO(kH)(O) _
(k+2)(k4+3)  |ba bao| ™
— (k1) B\B1B1B, | BoB1ByBi, b1 bio BB,
3! 2 ba1 oo

= toa do thid tu cia Lpy,B;1,By (Bk)

Ta lam 16 cac hang tit cia phuong trinh trén.

bll b12 O
B1BBB
% — by by O bﬁffﬁ‘

0 0 b

b bz O Y0 b
— (2) 12 22

k k k k k k

bil) biQ) bi3) bgl) biQ) bi;

= o) (< biabE) + boab 3 ) 4008 (b0 — bart?) —(

bll 612

2 2
o bzl b
by by

b21 b22

) bk,

Suy ra la hang ctia han ché ctia Lg, g, B, lén

0 0 0 0
4 44 . _ 0 0 0 0
CC={MecC"* : M= 0 0 0 0

My Mgz M43 Maa
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bing 4 khi va chi khi

rank ( bg’) b%) ) =2
basb(3 — biably by — by )
Diéu nay tuong duong vé6i dinh thiic clia né phai khac 0. Dinh thic clia
noé la
b2 — by (63)” — b6 + bia (43) =
— (b — byo)bZ0) — by (bﬁ?)g + b (bgg)z . (3.90)

Bay gio ta quan sat 6 phuong trinh theo By

90/1/<0) =01(Ba), (3.91)
©5(0) =By By + 203(B1), (3.92)
n
0
9033( ) =ByB1 By + 203(B1), (3.93)
(4)
0) ByBBB
¢1(0) _DPob1by 2+204(B1), (3.94)
12 2
4) "
0 0
3 (0) _(b11+b22)802( ) _
2 B,B:B B BgB ’ (3.95)
== 21 242 42 2 (b11 + bag) By B
901(;5)(0) b a2 ¢y (0)
byr b N
e B BQIB B22 ; B,B;B by b (3.96)
1015157 0b15252 11 b2
= — B Bs.
3! + 4 by bao| 7

Ta tinh cac hang tit bac hai trong cac phuong trinh (3.95) va (3.96).

BoBoBy _ by b)) (b b

- 2 2 2 PR

2 o) by| (b b
ByB, By By o b O e v e B A A
—2 = — b21 b22 b23 — 621 b22 0 — b;QI) bé22) bg%) X

2 2 2 2 2 2
o bl b ) b b 10 0 b

Bay gio ta phai chiing minh réng 6 phuong trinh c6 mot nghiem By sao
cho dinh thitc tai (3.90) khac 0. Nhic lai 1a ta ¢6 3 "truong hgp con" (xem
(3.88)).
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Néu byy # 0 va by # 0 thi ta ¢6 dinh cdc gid tri clia b véi

(,7) €{(1,1),(1,2),(4,1),(4,2), (4,3), (4,4)}

sao cho 6 phuong trinh tré thanh mdt hé Cramer. Sy thoai mai ctia lira chon
dam béo dinh thic ¢ (3.90) khéc 0.

Néu byz # 0 va by # byo, thi ta co dinh cac gia tri clia bg) v6i
(4,7) {(1,1),(2,2), (4,1),(4,2), (4,3), (4,4)}.
Néu byy # 0 va byy # 0, thi ta ¢6 dinh cdc gid tri ciia b)) v6i

(5,7) {(1,1),(2,1),(4,1),(4,2), (4,3), (4,4)}.

Diéu nay két thic chiing minh dinh ly.



Danh gia va ban luan cac két
qua

Trong phan Téng quan, chiing toi da phan tich va trinh bay vé cac nghien
cttu trong luan an. Trong muc nay, chiing toi tém tat so lude cac déng goép
cua NCS va mot vai danh gia.

Chuong 1

Két qua chinh ma chuong 1 dat duge tong quat hon dinh 1y chinh (Dinh
Iy 1.7 trong [7]) ctia ba tac gid D6 Dic Thai, Mai Anh Ditc va Ninh Van
Thu, cu thé 1a 16p da tap khong thuoc loai E—gi6i han rong hon va metric
E 1a bat ky (trong khi ba téc gia can E 1a metric Fubini-Study), dong thoi
cach chitng minh ngén gon hon va ciing dé hiéu hon. Didu d6 gép phan gitp
cac két qua nay tiép can dudc nhiéu ngudi quan tam hon. Tuy nhién, so véi
Dinh 1y 1.6 trong [7], ching toi doi héi E la metric, con ba tac gia doi héi
E 13 ham do dai. Ly do chiing t6i can E 1a metric 14 do trong danh gia bat
déng thic, ching t6i can bat ding thic tam giac.

Chung t6i khong dat van dé tiép can gid thuyét tinh Zaleman dat ra trong
bai bdo [8] bdi vi nhiing két qua dat duge cho thay gid thuyét d6 van con &
rat xa kha nang hién tai ctia ching toi. Chung toi danh gid gia thuyét do 1a
kho va cac huéng hién tai chua cho thay con dudng nao sang sta ca.

Chuong 2

Chuong nay bao gom két qua viét chung gitta NCS v6i hai nha Toan hoc
N. Nikolov va P. J. Thomas. Phuong phap nang néu ra ¢ do la cua P. J.
Thomas, va hai nha Toan hoc da chiing minh duge cong thiic nang dé hoat
dong trong chiéu n = 4. Chiéu n = 2 va n = 3 da dudc thyc hién bdi J.
Agler, N. Young va S. Petrovic.

115
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Dong gop ctia NCS 1a dua ra chiing minh ngan gon hon so v6i N. Nikolov
va P. J. Thomas, dong thoi chitng minh dugce cong thitc nang d6 hoat dong
trong chiéu n = 5 va that bai & chiéu n > 6.

Mot cai méi trong chuong 2 chinh I hinh thiic diéu kién can va dua dé cé
thé nang dugc ¢ mot cach dia phuong (Ménh dé 2.11). Diéu kién nay khong
phai la méi, né da duge tim ra tit bai béo ctia P. J. Thomas va Nguyén Van
Trao [19]. Tuy nhién, hinh thitc viét 6 day 1a méi va o rang. Chitng minh
cho diéu kién nay 14 méi so v6i chitng minh trong bai bao [19] va thuoc vé P.
J. Thomas, chtt khong phai ctia NCS.

Chuong 3

Noi dung chuong 3 trinh bay diéu kién can va da vé mat dia phuong cho
bai toan nang c6 dicéu kien dao ham bac nhat trong chiéu n = 4. Bai toan
bat dau bang viec thu gon By vé truong hgp liiy linh. Cong viec do 1a do
thay dong huéng dan P. J. Thomas thiic hien va NCS tiép thu lai chuyén do.
Toan bo phan cong viéc con lai cho truong hop By liiy linh thude vé NCS.

Két qua ma NCS dat duge vé mat dia phuong dé st dung hon két qua
clia ba tac gia N. Nikolov, P. Pflug va P. J. Thomas [13] theo nghia: cac két
qua duge trinh bay ma khong c¢é bién déi nhieu vé mat toa do nhu cac tac
gid trudée da lam (mic di chiing minh thi c6 st dung bién ddi toa do, nhung
két qua phat biéu thi khong phu thuoc vao chuyén do).

Cac két qua nay chi 1 bude dau ctia mot ké hoach 16n hon, dé 1a tim cach
chiing minh bai toan trong chiéu n tdng quat, va sau dé tim cach mo phoéng
theo cach lam ctia R. Andrist [2] dé chiing minh cac didu kién dia phuong
cling la toan cuc.

Nhan tién NCS ciing mudn néi thém 1a cach 1am ctia NCS cho phép khong
chi nghién cttu duge bai toan nang vé6i dieu kien dao ham bac nhat, ma bac
bao nhiéu ciing c¢6 thé lam duge. Chiing t6i néi didu nay theo nghia la trong
tinh hudng cu thé, ching toi c6 thé biét duge cac diéu kieén ra sao, nhung vé
mit tong quat, ching toi chua c6 dudng 16i chiing minh nio ca.

Trong truong hop n = 2, NCS da chitng minh duge diéu kién can va du
cho bai todn nang dia phuong vé6i diéu kién k& dao ham dau tién cho trudc.
Tuy nhién ching toi khong trinh bay cac két qua dé vao trong luan an, va
sé tim cach cong bd ¢ mot noi thich hgp hon.

Ngoai cac két qua da néu, con ching t6i con tim ra mot s6 két qua nho 1é
vé hang ctia dao ham D7, trong méi lien hé véi dang chinh tic hitu ty cla
By va nghiém hitu ty clia bai toan noi suy. Cac két qua nay sé duge cong bd
6 dip thich hgp.



Két luan

Céc két qua chinh clia luan an bao gom (theo quy dinh, muc nay khong
¢6 ban luan nao ca).

Dinh ly 1.7 Cho X la da tap phtic c6 chita mot duong cong nguyén, tic
12 mot duong cong chinh hinh khac hing f: C — X. Khi d6, ca hai da tap
phitc C x X va C* x X déu khong thuoc loai F—gidi han v6i moi metric
Hermit E tuong tng trén C x X va C* x X.

Ménh dé 2.11 Cho ¢ € Hol(w,G,), v6i w 1a mot lan can ctia o € D. Cho
A nhu trong (2.1). Cac khing dinh sau I tuong duong:

(a) Ton tai w C D mot lan can ctia « va ® € Hol(w', 2,,) sao cho

qu):(puq)(()):Alu

(b) Anh xa ¢ théa méan

d* Py
dt*

(A) = O((C =)™ =) 0 <k <my—1,1<j <s, (397)

trong do6 d; nhu trong Dinh nghia 2.10.
(c) Ton tai w’ C D mot lan can clia a va ® € Hol(w', Q,) sao cho

Tod = ®0)=A; va ®(¢) cyclic v6i ¢ € "\ {a}.

Dinh ly 2.20 Chon € N*, n <5, Ay,..., Ay € M,, ai,...,ay € D va
¢ € Hol(D, G,,).

Khi d6 ton tai @ € Hol(D, Q) théa man ¢ = 7o ® va ®(a;) = A; v6i
j =1,..., N khi va chi khi ¢ thoa méan céc diéu kien (2.2) cho mdi j, v6i A4;
thay cho A; va «; thay cho o, trong d6 1 < j < N.

Thém nita ta c6 thé chon gia tri ®(¢) 1a ma tran cyclickhi ¢ ¢ {a1, ..., a,}.
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Dinh 1y 3.7 Gia stt rank(Lp, 5,) = 3. Dit licu {¢, By, B1} nang dugc dia
phuong khi va chi khi cac diéu kién sau dude thdéa man

(1) ©1(0) = 2(0) = ©3(0) = ¢4(0) =0,

11 ByByB
(i) ¢1(0) = 0x(Bu), 5(0) = BuB, ¢(0) = =251
ByByB1B
(ili) ¢4(0) =0, ¢1(0) = % o,
) 17 0 B.B.B. B
(iv) 9043( ) — b11p4(0) = % _ by BoBy By,

Dinh 1y 3.8 Gia st rank(Lp, ,) = 4. Dit lieu {, By, By} nang dugc dia
phuong khi va chi khi cac diéu kién sau dude thoéa man

(i) 1(0) = ©2(0) = 3(0) = ©4(0) =0,

i ByByB
(i) 4 (0) = o1 (By), ¢4(0) = ByBy, ¢}(0) = = 20 3
ByByB,B
(iii) ¢4(0) =0, ¢1(0) = % —0

Dinh 1y 3.9 Gia stt rank(Lp, p,) = 2. Dit lieu {¢, By, B1} nang dugc dia
phuong khi va chi cac diéu sau duge thoa man

(1) ¢1(0) = ¢2(0) = ¢35(0) = ¢4(0) =0,
(i) ©1(0) = o1(B1), 5(0) = BoBu,
(i) ¢5(0) = ¢(0) =0,
(iv) ¢3(0) = BoBi1 By,

b21 623

(V) @i(0) = ot
b41 b43

2

(vi) QOX/(O) = ByB B By,

(vii) ZEO0 — ap(0) = 205(B)) — 2a04(By).
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Dinh ly 3.10 Gia st rank(Lp, p,) = 3. Dt licu {p, By, B1 } nang dugc dia
phuong khi va chi khi

(i) ©1(0) = 2(0) = 3(0) = 4(0) =0,

(i) ¢1(0) = 01(By), ¢5(0) = Bo By,
(iil) ¢3(0) = ¢4(0) =0,
(iv) ¢3(0) = BoB1 By,
ba1 b
/! _ BOBQBlBl — 21 23
(V) <)04(0) - 2 2 b41 b43 9

(vi) ¢§'(0) + 3rp3(0) = BoB1B1 By + 6koa(By).

Dinh 1y 3.11 Gia st rank(Lp, 5,) = 4. Dt lieu {¢, By, B1} nang dugc dia
phuong khi va chi khi

(1) ©1(0) = ¥2(0) = ¢3(0) = 4(0) =0,

(i) ¢ (0) = 01(B1), @4(0) = BoB,
(ii}) ¢4(0) = £4(0) =0,
(IV) ng(O) = BOBlBh
bo1 b
! 0 — BoBoBlBl — 2 21 23 .
(V) 904( ) 2 b41 b43

Dinh ].S’ 3.12 TI'Ol’lg tI‘lI(\jl'lg hOp rank(LBO,Bl) =2 va {bll,blg,b21,b22} §£
{0} dit lieu {, By, B1} nang dugce dia phuong khi va chi khi

() ( ) _W(BO) = (0, 0’070)7
(ii) ¢'(0) = (01(B1), BoB1,0,0) = (01(By), —bas, 0,0),
(iii) %(0) = ByB1By,
(iv) #4(0) =
) wéf;)(w - 203(311 — (b1 + b) ( ¢(0) = 20:(B) )
(4)
(vi) 9041—2(0) —204(By) = Z; Z;z (240) = 205(B1) ).

TV
VvV —
_BgB1B1 By =BoB2
= 2
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Dlnh l}” 3.13 TI'OIlg truong h(jp rank(LBo,Bl) = 2 va {61176127b217b22} =
{0} di lieu {, By, B1} nang duge dia phuong khi va chi khi
(i

) ¢(0) = 7(Bo) = (0,0,0,0),

(i) ¢'(0) = (01(B1), BoB1,0,0) = (01(B1), —bs3, 0,0),
) ¢
)

(111 ( ) BOBlBl,
(iv) ¢5(0) =

©5'(0) 90514)(0) -
) == =" =Y

(vi) ¢§(0) = 0.

Dinh 1y 3.14 Néu rank(Lp, 5,) = 3, thi dit lieu {¢, By, B; } nang dugdc dia
phuong khi va chi khi cac diéu kién sau dude thoéa man

(i) 1(0) = ¢2(0) = ¢3(0) = ¢4(0) = 0,
(i) ¢1(0) = o1(B1), ¢h(0) = BoBi = b3,
(i) ¢5(0) = ¢4(0) =0,
(iv) ¢5(0) = BoB1B1, 4(0) =0,
(v) ¢4'(0) = BoB1B1 By,
) 2 o =2 2 e

— 2/430'3(31) + 2/6(()11 + bQQ)O'Q(Bl).

Dinh 1y 3.15 Dit lieu {p, By, B;} nang duge dia phuong khi va chi khi
(i) (0) = m(Bo),
(i) ¢'(0) = D, By trong d6 Dmp, 1a dao ham toan phan cia 7 tai By,

(111) QDg(O) = BQBlBl, (pZ(O) = O QOIH(O) = BoBlBlBl.



Kién nghi vé nhitng nghién ciu
tiép theo

Chuong 1 & 2 khong c6 kién nghi nao ca. Ly do la: cac két qua vé duong
cong Brody giéi han ndm trong khuon kho nghién citu huéng t6i gid thuyét
ve tinh Zaleman dat ra bdi cac tac gid trong bai béo [8], tuy nhien, cho t6i
nay, cac két qua dat duge vAn con xa dé co thé nghi t6i giai quyét tron ven
gid thuyét tinh Zalcman. Vi thé, ching toi cho rang khong nén kién nghi
nhitng muc tiéu qua khoé, vi nhu thé khong thiét thie. Con déi véi chuong 2,
nhu da trinh bay, két qua ctia R. Andrist [2] khién cho viéc nghién citu bai
toan nang khong c6 dieu kién dao ham vé mit 1y thuyét da két thic. Cing
chinh diéu dé thic day NCS va cac thay huéng dan huéng t6i nghién ctu
bai toan nang c6 diéu kien dao ham bac nhat, ma cac két qua, cé thé néi la
bude dau, duge trinh bay ¢ chuong 3.

Véi cac két qua clia chuong 3, ching toi hi vong c¢6 thé tim duge hinh
thiic cho diéu kién can va du cho bai todn nang c6 dieu kien dao ham bac
1 & trudng hgp tong quat. V6i it tham vong hon thi ching ta c6 thé nghien
cttu bai toan nang véi dieu kien dao ham bac 1 va 2 cho trude. Sau dé 1a tién
téi chitng minh diéu kién dia phuong ciing 13 diéu kién toan cuc bang cach
mo phong lai cach lam ciia R. Andrist. Khi lam dude tat cd nhiing dieu do,
ta c6 thé dem ting dung vio nghién cttu ham Lempert va ham (gid) khodng
cach Kobayashi trong quéa cau pho ciing nhu da dia déi xting hoa.
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